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2 Activité scientifique

2.1 Systémes fortement corrélés en basses dimensions

Ces derniéres années ont connu un trés grand développement de la théorie des
systémes fortement corrélés avec de nombreux résultats analytiques, numériques
et expérimentaux. Le paradigme majeur dans ce domaine reste la compréhension
du phénoméne de supraconductivité & hautes températures. Ce probléme s’est
avéré tres compliqué a aborder du fait de la trés grande variété de mécanismes qui
se produisent dans les matériaux susceptibles de donner lieu a ce phénomeéne et de
la nature hautement non perturbative de certains effets. Il existe cependant des
modeéles, qui ont aussi leur contrepartie dans la réalité expérimentale, beaucoup
plus simples & étudier d’un point de vue théorique.

Les systémes antiferromagnétiques en une ou deux dimensions sont peut-étre
dans ce sens les plus intéressants a étudier. Les chaines et les échelles de spins,
dont nous allons parler dans la suite, présentent déja une phénoménologie trés
riche, tels que 'effet entier/semi-entier de Haldane dans les propriétés de I’état
fondamental des chaines anitiferromagnétiques de Heisenberg de spin S, ou les
excitations de spins 1/2 (spinons) dans le modéle de Heisenberg de spin 1/2.
Les effets exotiques liés aux propriétés de ’état fondamental et aux excitations
de basses énergie se complétent avec un comportement tout aussi intéressant en
présence d’'un champ magnétique, comme nous allons le voir. En effet, les échelles
de spins présentent, dans certains cas que nous allons spécifier, des plateaux
dans leur courbe d’aimantation dans des positions bien précises. La valeur de
I’aimantation pour laquelle se produit ce plateau dépend uniquement du nombre
de chaines qui composent ’échelle. Au dela de cette propriété qui peut avoir des
applications industrielles importantes, cet effet est aussi le reflet de la nature
complexe et intéressante des états fondamentaux de ces systémes magnétiques
fortement corrélés.

La situation est encore plus complexe quand des degrés de liberté de charge
sont présents. Prenons comme exemple de base le modéle de Hubbard unidimen-
sionnel qui correspond & des électrons (avec spin 1/2) sur une chaine discréte et
en interaction de courte portée (plus proches voisins). Il est bien connu que ce
modéle présente le phénoméne exotique de séparation de spin et de charge, ol
des excitation "transportant" uniquement du spin sans charge, ou de la charge
sans spin peuvent coexister avec des vitesses de déplacement différentes. Quand
le nombre d’électrons correspond exactement au nombre de sites de la chaine
(demi-remplissage du fait du spin 1/2 des électrons), les degrés de liberté de
charge ont un gap dans le spectre d’excitation et, a grandes échelles de distances,
ou a tres basses températures, seuls les degrés de liberté de spins seront visibles
et produiront un comportement équivalent a celui d’'un modéle de Heisenberg de
spins 1/2. La présence d’un champ magnétique complique encore d’avantage les
choses. Comme nous allons le voir, on peut trouver des situations ot les degrés de



liberté de charge et/ou de spin ont un gap pour des valeurs précises du remplis-
sage (nombre total d’électrons) et de 'aimantation (différence entre les nombres
de spins "up’ et ’down’). Bien que ce type d’effet soit facile a observer dans des
chaines simples, mais avec une périodicité non-triviale du réseau (dimérisation
ou polymérisation), ainsi que dans les échelles formées de plusieurs chaines, son
étude analytique et numérique est difficile a réaliser.

Nous allons ensuite discuter les effets d’un certain type d’impuretés dans
les chaines de spins, qui, comme nous le verrons, donnent lieu aussi a la pré-
sence de plateaux dont la position dépend cette fois-ci de la concentration en
impuretés. Il est remarquable que des propriétés universelles & aimantation nulle,
caractéristiques d’un grand nombre de types de désordre, coexistent avec des
propriétés hautement non-universelles et intrinséques a la nature microscopique
des impuretés qui sont présentes. Ces résultats sont tout aussi intéressants dans
le domaine de la conductivité de particules en interactions, ’analogie entre les
systémes chaines de spin - particules en interaction se faisant via la relation sus-
ceptibilité magnétique - densité d’états qui est une conséquence immédiate de la
transformation de Jordan-Wigner que nous allons décrire plus loin.

Pour finir ce chapitre sur les propriétés quantiques des systémes fortement
corrélés nous allons aborder partiellement le vaste domaine des systémes bidi-
mensionnels. Plus particuliérement, les systémes que nous allons étudier sont des
systémes frustrés, dont 1’étude comprend plusieurs intéréts. Tout d’abord, un
certain type de systémes frustrés que nous allons décrire présente, du moins en
I’absence de fluctuations quantiques, des excitations fractionnaires, relativement
facile & mettre en évidence en une dimension, mais beaucoup moins en deux
dimensions. Il est intéressant de voir si les fluctuations quantiques, préservent
la nature déconfinée de ces excitations, ou si au contraire elles introduisent une
interaction effective qui confine de telles excitations dans des 'particules’ plus tra-
ditionnelles, comme par exemple deux spinons qui forment un magnon. Une autre
question, reliée & la premiére et tout aussi intéressante, et de savoir si la grande
dégénérescence de ’état de plus basse énergie, typique des systémes frustrés, sera
levée par les fluctuations quantiques et dans ce cas quelle sera la nature de ’état
fondamental. De ce point de vue, ce dernier volet de I’étude des systémes forte-
ment corrélés propose comme but plus ambitieux de donner une compréhension
des systémes bidimensionnels, en général plus difficiles & aborder d’un point de
vue théorique.

2.1.1 Chaines et échelles de spins

Les modéles de spins quantiques en basses dimensions sont peut-étre les sys-
témes fortement corrélés les plus simples ot 'on retrouve cependant toute la
richesse des phénoménes exotiques que l'on a dans ce domaine de la matiére
condensée. Prenons comme exemple le plus simple, une chaine de spins S quel-



conque, dont le Hamiltonien est donné par :

H=17Y S.8;: 8 =58(S+1) (1)

ou J est positif. En 1983, Haldane [1] a conjecturé que si S est entier, I’état
fondamental de ce systéme est unique et séparé par un "gap" des états excités,
alors que si S est un semi-entier, le systéme n’a pas de gap (bien que I’état
fondamental soit toujours unique). La solution exacte par ansatz de Bethe [2] du
cas S = 1/2 et les évidences numériques et expérimentales obtenues sur divers
cas pour S = 1, 3/2, 2 [3] semblent confirmer cette conjecture. Sans entrer
dans les détails techniques, nous présentons ici un tableau qui nous montre le
comportement a basses températures des diverses quantités physiques, mesurables
expérimentalement, en présence ou non d’'un gap dans le spectre d’excitations.

gap pas de gap

Fonctions de corréla- -
tion & grandes dis- | <S(0)S(z) >— || ~e*/¢ | < S(0)S(x) >— ||

tances

Chaleur spécifique a

basses températures C(T) ~ Te 2T o) ~T
Susceptibilité magné- ar
tique & basses tempé- X(T) ~e X(T) ~ xo # 0

ratures

Cette conjecture remarquable de Haldane a été ensuite généralisée pour les
échelles de spins [4]. Si ’on construit une échelle de spins en prenant une bande
infinie du réseau carré de N colonnes de spins S couplés entre plus proches voisins,
alors si le produit SN est entier, le spectre a un gap, et si SN est semi-entier, le
spectre n’a pas de gap.

Le résultat de Haldane se base sur une description en termes du modéle Sigma
non-linéaire que 'on obtient dans la limite de S grand. Comme nous le savons,
le modéle Sigma non-linéaire est donné par 'action Euclidienne :

1 [ o s
S:%/d x (0,1) (2)

oll 7 est un vecteur unitaire. Une analyse par le groupe de renormalisation nous
montre que, & grandes échelles, le systéme est gouverné par le régime de couplage
fort g — oo, qui peut s’interpréter comme un comportement a haute température
d’un modéle classique bhi-dimensionnel avec des corrélations & courte portée. ce
phénoméne de création dynamique de masse, provenant des fluctuations quan-
tiques, implique, entre autres, la présence d’'un gap dans le systéme. L’action
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effective obtenue par Haldane contient un terme supplémentaire qui s’écrit sous
la forme : 0
08wz = ;—ﬂ e, (9,7 x 0,7) i

c’est un terme topologique. En effet, Sy 7 est I'index de Pontryagin d’une ap-
plication de S? sur elle méme et peut prendre comme valeur un nombre entier
arbitraire. Pour S entier, ce terme ne joue aucun role dans le calcul de la fonction
de partition, car il ne donnera lieu qu’a des phases triviales, et le modéle sera
tout simplement décrit par 'action (2), avec les conséquences que cela implique.
En revanche, pour S semi-entier, le terme topologique donnera lieu & des signes
(-) dans le calcul de la fonction de partition et le comportement sera trés diffé-
rent. Pour ne citer que I'argument le plus simple, si 'on suppose que le modéle
en présence du terme topologique décrit le comportement & grandes échelles de
toutes les chaines de spin semi-entier, la solution exacte dont nous disposons pour
S = 1/2 nous dit alors que toutes les chaines de spins semi-entiers n’auront pas
de gap dans leur spectre d’excitations.

Dans le premier article inclus dans ce chapitre, nous proposons une approche
différente pour s’attaquer a ce probleme. Nous utilisons une représentation des
opérateurs de spin S en termes de 2S5 couleurs différentes de fermions. Pour
chaque site de la chaine, les opérateurs de spin peuvent étre construits en termes
d’opérateurs de création et annihilation des fermions :

- o
S, = L= Cia, (3)
ou ¢ sont les matrices de Pauli et ¢+ = 1..25 Il faut imposer des contraintes sur

ces fermions, qui assurent que des fermions sont présents sur chaque site, et que
les états physiques soient des singulets de couleur :

Z Ol Coizlphys >= 2S|phys >

> ClLamiCajylphys >=0, (4)
ij

ou 7 sont les générateurs de SU(2S). La théorie effective résultant de la boso-
nisation de ce systéme correspond a un modéle de Wess-Zumino-Novikov-Witten
(WZNW) avec symétrie SU(2) et niveau 25, plus des perturbations.

Seff = SSU(Q)QS + /d2x <a Ir ((1)(1)) + ﬁ jR'fR) (5)

Le dernier terme correspond au produit des composantes chirales des courants de
Kac-Moody et correspond a une perturbation marginale, dans le sens du groupe
de renormalisation. Le premier est la trace de I'opérateur primaire dans la repré-
sentation adjointe de SU(2) et correspond a une perturbation pertinente. Nous
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rappelons que, pour un modéle de WZNW SU(2),, nous pouvons construire a
partir de l'algébre de Kac-Moody générée par les courants une algébre de Vira-
soro de charge centrale ¢ = k3—f:2 Les représentations de plus haut poids de cette
algébre de Virasoro sont classifiées par les représentations du groupe SU(2) et
sont données par des champs de dimensions h = h = G+l Jj < k/2. On voit

k2
donc que, bien que le terme correspondant & j = 1
Tr (W)

n’existe pas pour k = 1 (la chaine de spin 1/2), il est bien présent pour k > 1 et
donne lieu a une perturbation pertinente. En conséquence, le flot de renormalisa-
tion sera non-trivial, et si des points fixes non-triviaux sont présents dans celui-ci,
ils sont non-perturbatifs et une simple analyse par le groupe de renormalisation
ne nous donnera certainement pas les informations nécessaires & comprendre le
comportement du systéme. L’idée consiste alors a utiliser une équivalence au ni-
veau des espace de Hilbert de cette théorie avec celle du produit d’une théorie
de champ scalaire, & symétrie U(1) et d’un théorie parafermionique avec symé-
trie Zsg, que l'on connait par la construction des théories quotient en théorie
conforme. Le point important est que les termes de perturbation, qui se décom-
posent en termes de d’opérateurs du secteur bosonique et parafermionique, donne
lieu entre autres a la présence, sans aucun couplage & des opérateurs du secteur
U(1), du premier opérateur thermique du secteur parafermionique Zsg. Sans en-
trer dans les détails techniques qui peuvent étre retrouvés dans I’article qui suit,
nous nous limitons a dire que, comme la théorie Zyg perturbée par le premier
opérateur thermique est massive et intégrable, nous pouvons donc formellement
intégrer sur ces degrés de liberté parafermionique et obtenir une action effective
pour le champ scalaire, dont la forme est fixée sans ambiguité par les symétries du
systéme. Celle-ci correspond a 'action d’un champ massif pour le cas de S entier,
alors que pour S semi-entier nous retrouvons 'action d’un modéle de WZNW de
niveau 1, avec une perturbation marginale non-pertinente qui introduira au plus
des corrections logarithmiques dans certaines fonctions de corrélations, comme
pour le cas S =1/2 1.

L’intérét de cette méthode est d’abord qu’elle ne repose pas sur une approxi-
mation de S grand, et met en évidence clairement que le comportement d’une
chaine de spin S semi-entier est le méme que celui de S = 1/2 pour toute va-
leur de S. Par ailleurs, il est possible de comprendre plus facilement pourquoi
en introduisant des termes supplémentaires dans le modéle microscopique, tels
que 21(515;1)2 et un réglage fin des paramétres on peut obtenir une criticalité
différente, correspondant au modéle de WZNW SU(2)95. La présence de dimé-
risation, ou d’une faible anisotropie du type X XZ peut aussi étre étudiée plus
facilement dans cette nouvelle description de théorie des champs.

!Pour un certain rayon de compactification, la théorie du champ scalaire posséde en fait une
symeétrie SU(2) étendue, et le modeéle est équivalent & un modéle de WZNW SU(2);.
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Imaginons maintenant que nous introduisons une chaine de spins comme celles
que nous venons de décrire dans un champ magnétique H selon la direction
z. Pour les chaines de spins semi-entier, ’état fondamental pour H = 0 est
un singulet qui est donc d’aimantation nulle. Il existe cependant des états avec
aimantation M = <S<ZS—>>M = ¢ infinitésimale qui ont une énergie supérieure mais
infiniment proche de celle du fondamental (dans la limite de taille infinie). Pour
toute valeur de H non-nulle, le systéme “choisira” alors comme état fondamental
un état d’aimantation non-nulle. En fait, la courbe d’aimantation M contre H sera
une fonction monotone croissante et continue jusqu’a la valeur M = 1 obtenue
pour H = Hgy.

Si maintenant nous considérons une chaine de spins entiers, comme 1’état
fondamental pour H = 0 est séparé du reste des état par un gap non nul, il faudra
atteindre une valeur de champ magnétique non nulle avant d’obtenir un état
fondamental avec une aimantation non nulle. La courbe d’aimantation présentera
alors un plateau pour M = 0. Une fois que le systéme a atteint une aimantation
non nulle (pour un H suffisamment grand), en général la courbe d’aimantation
sera alors monotone et continue comme pour le cas des spins semi-entiers. Un
modeéle assez représentatif est la chaine X X Z de spins 1/2, dont le Hamiltonien
est donné par :

HXXZ:JZ(%C f+1+SgS§/+1+ASsz‘Z+1+HSiZ) ; JJ >0 (6)
K3

Ce systéme est intégrable et ses propriétés & grandes échelles et basses tempéra-
tures peuvent étre obtenues de facon exacte. Le diagramme de phases H vs. A est
représenté dans le deuxiéme article de cette section. Pour A > 1 la courbe d’ai-
mantation présente un plateau d’aimantation pour M = 0 qui traduit la présence
d’un gap dans le spectre d’excitations. Dans ce cas, il faut un champ magnétique
H > Hg,, pour aimanter la chaine, qui, une fois aimantée, sera dans une phase
sans gap. Dans la phase sans gap, y compris pour A > 1, le comportement a
grandes échelles est donné par une théorie conforme correspondant a un champ
scalaire ¢ = 1, dont le rayon de compactification dépend de M et de A.

Cette transition a A = 1 entre le régime non-massif et massif peut étre vue
comme une transition conducteur isolant en termes de fermions en interaction.
Nous pouvons en effet comprendre ce phénoméne en utilisant la transformation
de Jordan-Wigner pour les spin 1/2, donnée par la correspondance entre les opé-
rateur de spin et des opérateur fermioniques :

Si=ulvi—g; St=yle = 7)

7

On vérifie alors que le cas A = 0 correspond au cas de fermions libre alors que
un A non nul correspond & des interaction entre fermions sur des sites voisins.
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L’ouverture d’'un gap pour A = 1 peut donc s’interpréter comme une transi-
tion de Mott, due aux interactions, contrairement a un gap de bande créé, par
exemple, par une modulation de la constante de couplage. Le systéme donné par
le Hamiltonien

Haim = Y (J + (=1)'6.1) (S7 S5y + SISy + AS7SE) (8)

2

a un gap pour M = 0 méme pour A = 0 que 'on peut comprendre facilement en
étudiant la structure de bandes (deux bandes dans le cas présent) séparés par un
gap. La bosonisation abélienne nous permet alors de faire le lien avec la théorie
de champ scalaire mentionnée plus haut, et de donner une vision unificatrice des
deux phénoménes de gap. En effet, la théorie bosonique effective d’'un champ
compactifié que I'on obtient dans le cas général est donnée par I'action :

S = / P {(@,@)2 + X cos (%)} (9)

avec n = 1 pour le cas dimérisé et n = 2 pour le cas invariant par translation
mais avec A # 0.

L’intérét de la technique de bosonisation abélienne réside dans le fait que 'on
peut étendre cette analyse a des cas plus complexes, tels que les chaines de spins.
Comme nous le montrons dans le deuxiéme article présenté ici, nous pouvons
en effet anticiper la présence de gap de spin dans des échelles de spins méme
pour des valeurs de 'aimantation non nulle. Nous étudions les conditions pour
que se produise un gap dans le spectre, et donc un plateau d’aimantation, pour
des valeurs arbitraires de ’aimantation. Le principal résultat est que ces plateaux
surviennent pour des valeurs de I’aimantation particuliéres, que 1’on peut résumer
par la formule suivante : Si N est le nombre chaines couplées, S la valeur du spin
dans chaque site et [ la périodicité du réseau (i. e. | = 2 pour le cas dimérisé par

exemple) alors :
ISN(1-M) ez (10)

La figure (1) montre la courbe d’aimantation d’une échelle & trois pattes for-
mées de spins 1/2. Un plateau & M = 1/3, comme le prédit (10) y est clairement
visible. Ce résultat peut étre considéré comme la généralisation de la conjecture
de Haldane faite pour les chaines de spins ainsi que son extension aux échelles
mentionnées plus haut. De facon plus précise, les degrés de libertés effectifs, pré-
sents a grandes échelles, ne correspondent qu’a une partie de ceux initiaux, que
’on peut, pour des chaines de spins 1/2, représenter par {®;} ; ¢ = 1..N. L’action
effective a grandes échelles correspond en fait a celle de (9) pour un seul champ

Op = Z(I)i, mais dont la présence d’un opérateur cos(n®p) (avec n = 2) est

(2
régie par la valeur de 'aimantation.
Si certains cas persistent a échapper a la régle (10), tels que les plateaux in-
duits par la frustration que 'on peut trouver dans les couplages anti-ferromagnétiques

14
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FiG. 1 — Courbe d’aimantation pour une échelle de spins 1/2 formée de trois
chaines. Elle a été obtenue & partir de résultats numériques pour des systémes de
taille finie. la ligne solide correspond & la limite de taille infinie.

entres chaines avec conditions aux bords périodiques ou les couplages en "zigzag"
[5], ce résultat englobe la grande majorité des cas. Il provient d’une dérivation
simple et intuitive faite dans I'article présenté ci-dessous et correspond a ’abou-
tissement de la caractérisation des propriétés magnétiques des chaines de spins
dans les conditions les plus générales.
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We study the long-wavelength limit of a sggHeisenberg antiferromagnetic chain. The fermionic Lagrang-
ian obtained corresponds to a perturbed lev@l 2U2) Wess-Zumino-WittefWZW) model. This effective
theory is then mapped into a compdd{l) boson interacting witlZ,5 parafermions. The analysis of this
effective theory allows us to show that wh&ris an integer there is a mass gap to all excitations, whereas this
gap vanishes in the half-odd-integer spin case an®ihg),s WZW model flows towards th8U(2), stable
fixed point. This gives a field theory treatment of the so-called Haldane’s conjecture for arbitrary values of the
spin S. [S0163-18208)04726-7

I. INTRODUCTION pling. In a recent papé&rthe issue of implementing explicitly
. . . the above-mentioned additional constraints within the path-
In 1983 Haldane conjectured that in the case of 'ntegefntegral approach was taken up, and a reconfirmation of

spin, the spinS quantum Heisenberg antiferromagnetic |y, 4ane's conjecture was obtained for large values of the
(HAF) chain had a unique disordered ground state with %pin S by using non-Abelian bosonization techniques.

finite excitation gap, while the same model had no excitation ' | this paper we study the effective low-energy theory in

gap whenS was a half odd integérUsing a mapping to the terms of a fermionic coset model that corresponds to the

nonlinears model, valid in the larges limit, the origin of  |evel 2S5 SU2) Wess-Zumino-Witten(WZW) theory‘2'13

the difference has been identified as being due to an extmllowing Ref. 11, and map it onto a coupled system of a

topological “® term” in the effectiveo-model Lagrangian compactU(1) boson andZ,g parafermions(PF’s). The

for systems with a half intege8." This clearly suggests that analysis of the phase diagrams®fs models together with

the origin of this difference is nonperturbative. Although the knowledge of their operator product algebra provide us

Haldane's predictions were based on lajarguments, it is  with the elements to establish the difference between integer

known that this conjecture is consistent with the Bethe ansatand half integer spin chains.

exact solution that is available f@= 2,2 and experimental, We would like to stress that our analysis does not rely on

numerical, and theoretical studies almost confirmed its valida largeS approximation, but is valid for all values &

ity for S=13 For the higher half-odd-integer spin, the

ground state is either degenerate or has a massless exéitation Il COSET MODEL

that suggests, but does not prove, critical correlations. In Ref. '

5, massless behavior i8=32 has been tested numerically  Let us briefly review the work of Ref. 11: The sp®

(see also Ref. 6 Recent experimental evidence of the exis-HAF model can be written in terms of fermionic operators

tence of the Haldane gap f@=2 HAF chains has been C,,, with a=1,[;i=1,...,%5. «, i andx are spin, color,

found in the study of the compound MnCbipy).’ and site indices, respectively. The s@mperator on one site
Bosonization techniques have been extensively used iR is represented by

the study of spin chaingsee Ref. 8 for a review on the

subject and references thergiiihe starting point consists of R i Oap

the mapping of the original problem, in terms of spin vari- Sc=Caix 5 Cpix @

ables, to the problem of fermionic variables with additional

constraints(that are necessary for the two systems to beWhere > are the Pauli matri | der t "

equivalent and then bosonize the resulting system. In Ref. 9 Tap AE aull matrices. in order 1o correctly rep-

the HAF model was formulated as a certain limit of the Hub_fesent the spir chain, the physical states must safisfy

bard model. By using a bosonization technique and a

>

renormalization-group analysis, they found an effective E Cl..C.ixlphy9=2S|phys,

theory for the low-energy physics &= 3 and the limit of ! 5
largeS spin chains. In Ref. 10 another approach was used &)
that relies on the fact that the sp#® HAF chain can be ; CLixTQCajy|phys>:Ov

represented asspin- chains for large ferromagnetic cou-

0163-1829/98/5@)/65(4)/$15.00 PRB 58 65 © 1998 The American Physical Society
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where 7% are theSU(2S) generators. The first constraint where D,=d,—ia,+B,, and we have decomposed, for
imposes the condition that allows only one spin per sitejater convenience, the field, into aU(1) field a, and a
whereas the second one states that the physical states mustdig(2S) field B, .
color singlets. The Lagrangian can be rewritten as
The Heisenberg Hamiltonian _ B
L:\Pla}yﬂl (ﬁlu— |alu5|] 5aﬁ+ BH«&UKB)\PJ[;

H=2 55 ® A0+ A Ir I+ \DiriL
can be expressed in terms of the fermionic operators intro- ~ (AN (Wi W VP LigtHC), (1D

duced above as > - . .
Where‘]R,L:\I,TR,LiaO-a,BIZq,R,Li,B! JR,LZl\P;,Lia\PR,Lia are

1 SU(2),s andU(1) currents, respectively.
H=—-> Clixcajycgjycﬁiﬁconst, (4 The first term in the Lagrangia(ll) corresponds to the
2 {xy) fermionic coset version of the level2 SU2) WzZW

theory** as was already observed in Ref. 11. In this context
the original spin operator corresponds to the fundamental
field of the WZW model. The third term can be absorbed by
a redefinition of theJ(1) gauge fielda, .

Thus, we have to deal with the second and last terms in

1 . .
H= > > (BQyCLixCajy+ H.c.+BJ,Bl). (5)  EQq.(11) that can be expressed as
xy)

which has a locaSBU(2S) X U(1) invariance. This quartic
interaction can be rewritten by introducing an auxiliary field
B as

AL=(N;—X\ +H.C) 4N+ N)JR-J0,
In the mean-field approximatioB is a constant 3x 2S ma- (A1722)(QepGpa )T AN AZ) IR (12)

trix, andH can be diagonalized. As we will see below, it is N ) . )

important to consider the quantum fluctuations around thigvhereg="¥g¥,; is the spinz primary field of theSU(2),s

point. WZW theory, ®(*2  with conformal dimensionsh=h
To obtain an effective low-energy theory, we keep the=3/[8(S+1)]. The first term in Eq(12) corresponds to the

operatorsC(k) with k near the Fermi surface w/2a. We  spin 1 affine primary®®) with conformal dimensions

can then write =h=1/(S+1), so we can write
- — (6N j_. 3
icaixze(iw/za)x\I,Rai(X)+e(—iw/2ax)q,l_ai(x), ®) AL==4 (N =N )tr DYV +4(N+Np)Jg-J. (13
Va The S=1 case is simpler, as has been discussed in Refs. 9

and 11, since affinékac-Moody) selection rules forbid the
appearance of the relevant operadot’). We then have an
effective massless theory in accordance with Haldane’s pre-
dictions. The second term in E(L3) is marginally irrelevant

where 14/a appears for dimensional reasons ahd | ,i(x)
are slowly varying on the lattice scale.
We also expand the fielB as

B,,=Boe®Vxy=By(1+aV,,) @) since\ 1+ A\, is positive, and gives the well-known logarith-
Xm0 0 wr mic corrections to correlators.
define AlE%(VXy— Vly)' and nys%(vnyr VIy). These For higher spins, we have to consider the interaction term

fields correspond to the quantum fluctuations around thé€l3) and we also have to include all other terms that will be
mean-field configuration. To ensure the correctness of ouradiatively generated. We then need the operator product ex-
procedure, we have to integrate them out in an exact way. pansion(OPE) coefficients among the different components
When substituted back into the Hamiltonian, the expan-of ®!) that have been computed in Ref. 15. The OPE coef-
sion (7) leads to a quadratic integral R, that can be per- ficients are nonvanishing if the so-called “fusion rules” are

formed exactly to give nonvanishing. In the levek SU(2) WZW theory they are
given by*®
H=Bo[ —iWEi(8dxt A Wri+iW/[i(8;d+AHV] A
_ , min(j+j' k=j—j")
+ W - WhW )2 8) e D o . (14
' ' n=[i-i’| '
The effective Lagrangian is obtained by introducing a ; 5,17
Lagrange multiplieA, in the Lie algebra otJ(2S), together We will use tha
with the use of the identity SU(2), =2, (1) (15
5[@%]: lim e~ M2l dx(¥iw)? 9) in the sense that the Hilbert spaces of the two theories coin-

cide. We will exploit this equivalence to derive an effective
low-energy action for the spi® HAF chain. Indeed, it was
in order to implement the constrain(®) (see Ref. 11 for shown in Ref. 15 that the primary fields of tB&J(2), WZW
detaily. The effective Lagrangian then reads theory are related to the primaries of tég parafermion
_ _ _ theory and théJ (1) vertex operators. They are connected by
L=W 4D, W =N (iW;ys¥))?—N,(i¥;¥))%, (10) the relation

Ap—
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@ili)a(zz): (2j) %Z,;):ei/dZ_S[m<p(z)+E(;)]:, (16) ~Note that the system is invariant under the extendggl

2m,2m X Z,g transformation
where the® fields are the invariant fields of th8U(2),

WZW theory, theg fields are theZ, PF primaries, ang and o= WP g gl — WPyt
¢ are the holomorphic and antiholomorphic components of a
compact massless free boson field. In the same way, the cur- V2mm — — 2@ 20
PP — = ¢—P— ,
rents are related as /s /s
[ with w=exp(@@i/S andm,ne Z.
+ — 1/2 . .
Jr(2)=(29) l//l(Z)-eXP( \/Z—S(P(Z)> g Since the parafermionic sector is massive, the effective
theory for large scales can be obtained by integrating out
3%(2)=(29)Y23,0(2), 17) these degrees of freedom. Since this massive sector is driven

into the phase where E¢R0) is unbroken, we can obtain the
where i is the first parafermionic field A similar relation = most general effective action for the remainiog1) field,
holds for the left-handed currents. where only the vertex operators invariant under ) will
Using this equivalence we can express the relevant peibe allowed to appear. We get
turbation term(13) as

AL= =40\ (Gt @) e FEle(@ ota). Zeti= f D¢ exp[— f Ks(d,)?
+¢(_252:e*”\’2_5[‘°(z)*;(51:)+4S()\1+)\2) f S( 25 ( _)) 2
S o(r) o7 +tas| cog —=(¢—@) |+,
X(lﬁlﬂ:ei/&s[go(z)f(p(z)]:+H.Cl)’ (18) S \/2_S =@

where we absorbed the derivative part of thel) field com-  for the S half integer, and

ing from Eq.(17) into a redefinition of the constant in front

of the unperturbed Lagrangian. The first term corresponds to :J _J 2
the first “thermal” field of the PF theory$@=e;, with Zeti= | D ex Ks(dué)

conformal dimensionsh=h=1/(1+S), while the second
and third terms correspond to tipe=2 disorder operator in iy f o i( )
the PF theory,¢?) ,= u, and its adjointe®) ,= u}, with s J2s ¥ ¢
dimensionsd,=d,=(S—1)/[2S(S+1)].

Including all the operators that are radiatively generated, ra f co E( Rt
we get three “families” of perturbations: S \J2s e

(1) The thermal operatog; and all the members of its ) ) )
subalgebrahigher thermal operatorsAs shown in Ref. 18, for the Sinteger. Here the dots simply mean higher powers
the Z,5 PF theory perturbed by, flows into a massive re- ©Of the perturbing vertex operators amds is an effective
gime, irrespectively of the sign of the coupling. Assumingconstant arising from the OPE of vertex and parafermionic
that, as for thez, case, due to the sign of the coupling ~ OPerators in the process of integration of the massive degrees
—\, in Eq. (18) the theory is driven into a low-temperature Of freedom. We immediately notice that, for the integgr
ordered phase, we have that vacuum expectation valudgere is an extra vertex operator coming from Ep) that is
(v.e.v.'s of disorder operators u;, vanish for j not present for the half intege8, and, as we will see, this
#2Smod2S) as well as v.e.v.’s of the parafermionic fields difference between integer and half integer effective actions
($dl) =0, for 2k+25mod29). Is crucial

(2) The family of the disorder operatdwith the corre- Us!ng Egs.(1) a.m-d ©), vye can Wflte the continuum ex-
sponding vertex operatdrgiven by pression of the original spin operatS(x) as

, (22

[s] S(x)=Jg+ I+ (— )] o/2(d 2+ 12Ty (23

-k ZSe(2) = ¢(2)]. 4
gl Mok-€ iHH.C, One way to see whether the system is gapped or not is to

_ study the behavior of the spin-spin correlation function at
where[S] means integer part 0. Note thatu,s corre-  |arge scales. Since our originglu(2) WZW model is per-
sponds to the identity operator and then ®integer, this  turbed, correlation functions of the fundamental field will

family contains the single vertex operator contain supplementary operators coming from the OPE be-
o - tween® (¥ and the perturbing fields. With the help of the
:e/ShEle@=e@]: 1 H c, (19 fusion rules(14) it is easy to see that, for example, the ef-
) o fective alternatinge component of the spin operator contain-
(3) The family of the parafermionic fields: ing the scalar field will be given by

2S

S b2 d(2): ek PEe@—e@]: 4y ¢, S ap py ek Ble@-e@ltye,  (24)
k=1 k=2S, kodd
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where only oddck fields appear in the sum. Let us now con- spinsj (oddk’s), all the operators in the series will contain
sider separately the case of the half integer and the infe&ger nontrivial parafermionic operators. Then all the terms in the
For the S half integer, the operato®(® is present in Eq. spin-spin correlation function will decay exponentially to
(24), and we can easily check th@inceu,g corresponds to  zero with the distance indicating the presence of a gap in the

the identity this operator is simply given by excitation spectrum, thus confirming Haldane’s conjecture.
. _ This is our main result.
g'SI28le=e) L 4 c. A possible modification consists in the addition of dimer-

: . : ... ization to the systenfthat again corresponds to the inclusion
The other operators in the series contain parafermionic d'séf the fieldtr ®( as a perturbation Then, also integer
order operators whose correlators will decay exponentially tg__." . , ap P 9

Spinj terms(evenk’s) will be generatedias indicated by the

z(farlg at(IZalr)g(\a/vsécgzlalens.slg\lljvsik?:tntﬂges“ri]r?-gggetlgiiﬁ\aftsr?clfi‘gnpsa*usion rules(14)] in the effective spin operator and in par-
at Ia(r]. e sc'ales behave like P ticular the vertex operatgil9), which is the only candidate
g for a power-law decay of the spin-spin correlators. However,

X ~(—1)* V) |x—y|~2SKs as for the(dimerized half integer spin case, the presence in
(SL0Sy)~(~1) =yl (25 Eqg. (22) of the (relevanj first vertex operator prevents the
(SL(X)S_(y))~(—1)*7Y|x—y|~U2SKs) system from being massleéthis situation is similar to the

] one encountered in Ref. 19, in the context of Abelian
The fact that thesU(2) symmetry is unbroken at all scales bosonizatiol, indicating again that a fine tuning of the

then fixes the value oKs to be dimerization parameter has to be performed to get a massless
_ regime.
Ks=1/2S). (26) We have presented the continuum limit of the sBian-
For this value oK g one can show that the perturbing opera-tiferromagnetic Heisenberg chain in terms of a parafermion
tor in (21) is marginally irrelevant. conformal field theory interacting with a compad{1) bo-

We conclude then that the large scale behavior of halkon. After integrating out the massive parafermions, we have
integer spin chains is given by the levelSU(2) WZW  shown that HAF chains with half-odd-integer spins have a
model with logarithmic corrections as for the sginehain.  massless spectrum while those with integer spin have a gap
This confirms the scenario suggested by Affldske, for to all excitations, in complete accordance with Haldane’s
example, Ref. Bwhere a perturbe®U(2),5 WZW model  conjecture.
flows to its stable IR fixed point, thBU(2),. An interesting It has been shown by using a mapping to éheodel that
extension of this analysis is to add an arbitrary dimeriza-a dimerized spirs chain should have 2+ 1 massless points
tion to the chain. In the context of the WZW approachin the dimerization parameter spat€his result was shown
this corresponds to the addition of the fietd ®(?  to be valid for largeS and a detailed treatment of dimeriza-
+H.Corpuy €22 =¢@1: L H ¢ in the perturbing ternfs.  tion within the present approach could help to extend this
Reproducing the same arguments as above, we see tH&sult for small values of the spin.
this term has the effect of making the operator
co§S92S(¢— ¢)] appear in the effective actid@1). Using
Eq. (26), we see now that this operator is highly relevant, We are grateful to F. Alcaraz, P. Dorey, V. S. Dotsenko,
and so will produce a gap in the excitation spectrum unless A. Lugo, V. A. Fateev, A. Honecker, M. Picco, and V. Rit-
fine tuning of the parameters is performed. tenberg for useful discussions. D.C.C. thanks CONICET and

Let us now consider integer spifs Since the serie24) Fundacim Antorchas for financial support. C.v.R. was sup-
for the effective spin operator contains only half integerported by CONICET, Argentina.
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In this paper we continue and extend a systematic study of plateaux in magnetization curves of antiferro-
magnetic Heisenberg spin-1/2 ladders. We first review a bosonic field-theoretical formulation of axsirgle
chain in the presence of a magnetic field, which is then used for an Abelian bosonization andiysisakly
coupled chains. Predictions for the universality classes of the phase transitions at the plateaux boundaries are
obtained in addition to a quantization condition for the value of the magnetization on a plateau. These results
are complemented by and checked against strong-coupling expansions. Finally, we analyze the strong-coupling
effective Hamiltonian for an odd numbat of cylindrically coupled chains numerically. Fof=3 we explic-
itly observe a spin gap with a massive spinon-type fundamental excitation and obtain indications that this gap
probably survives the limiN— . [S0163-182808)07633-4

I. INTRODUCTION for the purposes of the present paper will be some special
form of
So-called “spin ladders” have recently attracted a consid-
erable amount of attentioffor reviews see, e.g., Ref.).1
They consist of coupled one-dimensional chains and may be
regarded as interpolating truly one- and two-dimensional
systems. Such an intermediate situation may be usefdfiere(M) is normalized to a saturation valg#l)=*+1 and
(among othersfor the understanding of highz supercon- | is the number of lattice sites to which translational symme-
ductors. In fact, modifications of the high: materials(see, try is either spontaneously or explicitly broken. Haldane’s
e.g., Ref. 2 give rise to experimental realizations of spin original conjecturé is related tol=N=1, (M)=0. More
ladders. However, the field was motivated by an observatiogeneral cases fdl=1 were treated in Refs. 13-15. In an
that mainly concerns the magnetic spin degrees of freedongarlier papel® we have studied realizations of the condition
namely the appearance of a spin gapNis2 coupled gap- (1.1) for N>1 but with the specializationis=1 andS=1/2.
less chaingsee, e.g., Ref.)3 So far, spin ladders in strong magnetic fields have at-
One-dimensional quantum magnets have been studied fifacted surprisingly little attention: To our knowledge, only
great detail over the past decades. One remarkable obsenthe case of aN=2-leg ladder had been investigated prior to
tion in this area is the so-called “Haldane conjectute” Ref. 16. The experimental measurement of the magnetization
which states that isotropic half-integer spin Heisenbergcurve of the organic two-leg ladder material
chains are gapless while those with integer spin are gappeu,(CsH1.N,),Cl, (Ref. 17 gave rise to theoretical studies
Although this statement has not been proven rigorously yetysing numerical diagonalizatidfi,series expansiortS,and a
a wealth of evidence supporting this conjecture has accumusosonic field-theory approadfl.in this case(i.e., N=2 and
lated in the meantintgsee alsbfor a recent field-theoretical S=1/2), there is a spin gap which gives rise to{@n)=0
treatmenk plateau in the magnetization curve. The transition between
Spin ladders are more general quasi-one-dimensiondhis zero magnetization plateau and saturation is smooth and
guantum magnets. Again, one of the attractions is a naturalo nontrivial effects(in particular no symmetry breaking
generalization of Haldane's conjectfir® suchN coupled were observed.
spinS chains: IfSNis an integer, one expects a gap in zero For N>2 one can expect plateaux at nontrivial
field, otherwise not. This conjecture is suggested among otiN-dependent fractions of the saturation magnetization.
ers by the larges limit (see Ref. 7 for a recent review and Though this was a new observation for spin ladders, the phe-
references therejn strong-coupling consideratior§, nu-  nomenon itself is not completely new. For example, the pos-
merical computation®;*! and even experimentsee, e.g., sibility of magnetization plateaux for the case of single spin-
Ref. 2.1 If one includes a strong magnetic field, theseS Heisenberg chains has been discussed systematically in
Haldane gaps become just a special case of plateaux in maBgef. 13 which also motivated some of our work. The attrac-
netization curves. In the presence of a magnetic field, one dfon of this phenomenon in spin ladders is that they provide
the central issues is the quantization condition on the magslear and natural realizations of such plateaux. For example a
netization(M) for the appearance of such plateaux, whichnumerical analysis of the cadé=3 explicitly exhibits a

ISN(1—(M)) e Z. (1.1
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robust plateau witl{M) = 1/3 (Ref. 16 which should also be L 1
observable experimentally, e.g., in a suitable organic spin-  Hyyx,=J>, {ASESE, 1+ (S Seu 1+ S, Sii1)
ladder material. x=1 2

It is the purpose of the present paper to continue a sys- L
tematic study of Eq(1.1) for genericN=1 by using differ- -h> &, 2.1)
ent complementary techniques, such as Abelian bosoniza- x=1
tion, strong-coupling expansions, and numerical . . . o
computationsthe reader may find, e.g., Ref. 16 helpful in Apart frc_)m being the basis fo_r the investigation in later sec-
the understanding of the present wprKere, we will among ~ tions, this also serves as an _|Ilustrat|on of some .ge_nera}l fea-
others provide evidence that f&= 1/2 spontaneous break- tures. It should be noted that in E@.1) the magnetic field is
ing of the translational symmetry fo=2 can be induced by Ccoupled to a conserved quantity ‘L’Vh'Ch is related to the mag-
strong frustration or an Ising-like anisotropy, white 3 pre-  netization(M) via (M)=((2/L)Z,_,S}). For this reason,
sumably needs explicit symmetry breakingn Ref. 15 a  properties of Eq(2.1) in the presence of a magnetic fietd
slightly different example of spontaneous symmetry break+ 0 can be related to those fat=0 and the magnetic field
ing with | =2 was studied. can be considered as a chemical potential.

The prefactoﬂSN in Eq (11) may seem quite cumber- The Hamlltonlal’(Zl) is eXaCtIy solvable by Bethe ansatz
some, but it just counts the possil8values in a unit cell of ~ also forh#0. In this way it can be rigorously shown that its
a one-dimensional translationally invariant ground state. {OwW-energy properties are described bycal conformal
should also be noted that E@_]_) is just a necessary condi- field theory of a free bosonic field CompaCtiﬂed at radris
tion; whether a plateau actually appears or not depends dfieé thermodynamic limit foA>—1 and any given magneti-
the parameters and the details of the model under considefation(M) (see, e.g., Ref. 26 and compare also Ref. 27 for a
ation. For example, plateaux with nonzeidd )+ 0 have not ~ detailed discussion of the caf<1). More precisely, upon
been observed in the $2) symmetric higher spis Heisen-  insertion of the bosonized representation of the spin opera-
berg chains(see, e.g., Ref. 21 unless translational invari- tors into the Hamiltoniar(2.1) (see, e.g., Ref. 28one ob-
ance is explicitly brokericf. Ref. 14 forS=1). tains the following low-energy effective Hamiltonian for the

Conditions of the typé1.1) occur also in generalizations XXZ chain:
of the Lieb-Schultz-Mattis theorefd~2*!* This theorem
constructs amonmagnetiexcitation which in the thermody- [T 2 2 2
namic limit is degegnerate with the ground state for a g?lven Hxxz f dXZ{H (0 +RAM), A)(@x¢0)} (22
magnetization M) and orthogonal to it unlesdV) satisfies ) ~ ~
Eq. (1.1). In this manner one proves the existence of eithetVith II=(1/m)dx¢, and = + dr, ¢=¢.— ¢r. In Eq.
gapless excitations or spontaneous breaking of translation&f-2 We have suppressed(r our purposekirrelevant pro-
symmetry. Unfortunately it is at present not clear that thispo_rtlonallty c_onstant that includes the velocny. of.sound. In
theorem applies to plateaux in magnetization curves sinc§is formulation, the effect of both the magnetic fi¢icand
they require a gap tmagneticexcitations. XXZ anisotropyA turng up o_nIy via the radius of compactl_-

Here we concentrate mainly on the ca®e 1/2 and all f|cat|o_n R((M),A)_. This radius governs the qonformal di-
couplings in the antiferromagnetic regimes, but try to kilep Mensions, |n.par_t|cular the confozrmal dimension Qf a vertex
as general as possible. Other situations can be analyzed greratore'’? is given by (8/4wR)?. We now describe how
well, but may lead to somewhat different physicempare, R can be computed. _ _

e.g., Ref. 25 for the example df=3 antiferromagnetically We parametrize th&XXZ anisotropy byA=cos with
coupled ferromagnetic chains 0< o< for —1<A<1 and byA=coshy with y>0 for A>1.

This paper is organized as follows: In Sec. Il we first Now for given magnetizatioM)=0 andXXZ anisotropy
review some aspects of the formulation of a singi¥xz A, the associated radius of compactificat®rand magnetic
chain as a bosonic=1 conformal field theory. This serves field h/J can be obtained by solving integral equatlajﬂee,
as a basis of later investigations and illustrates some generf:d-» Refs. 27,29-31n the following way: First, introduce a
features also present Nrleg spin ladders. In Sec. Ill we first functiona(z) for the density of particles satisfying the inte-
introduce the precise lattice model and its field-theoreticdral equation
counterpart which we then analyze in the weak-coupling re- 1 N
gime. Sec_tpn IV starts from the_ other_ extreme—_the strong- o(n)= _[ g(”)_f K(p—7")o(n))dy' !, 2.3
coupling limit—and proceeds with series expansions around 2 -A
this limit. In Sec. V we discuss an effective Hamiltonian for
the strong-coupling limit of an odd numbét of cylindri- .
cally coupled chains which we then analyze numerically inpresented in Table . . .

Sec. VI. We summarize our results by presenting “magnetic | " real parametek =0 in Eq.(2.3) describes the spec-

phase diagrams” in Sec. VIl before we conclude with sometral parameter value at the Fermi surface and is determined

comments and open problert8ec. VIll). by the magnetizatioiM) via the filling condition

II. ASINGLE XXZ CHAIN f,AAO-( n)dn= %(1—<M>)_ (2.4

First, we recall some results for th€XZ chain on a ring
of L sites in the presence of a magnetic fibldpplied along In general, one has to adjustiteratively by first numerically
the z axis: solving Eq.(2.3) and then checking for E¢2.4). Only some

where the kerneK(#) and the right-hand sidg(#) are
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TABLE I. Functions appearing in the integral equations.

A K(7) 9(7) €o(7)
cog=A<1 tand cot(6/2) h sirnfg
tarf6 cost(#/2) + sinti(7/2) cosH(7/2) + cof(6/2) sinf(7/2) J  coshy—cosd
A=1 4 2 h 2
P4 71 J 71
coshy=A>1 tanhy coth(y/2) h sintfy

tantfy cos(7/2) + sirf(7/2)

cos(7/2) + cothf(1/2) sirf(7/2)

J~ cosp—coshy

special cases can be solved explicitly. This includes the cadéld theory, and since th&¥XZ chain arises as the Hamil-
(M)=0 andA=<1 whereA=x is the correct choice. Once tonian limit of the six-vertex model, this indirectly estab-
the desired value ofA is determined, one introduces a lishes the identification. Still, explicit formulas, e.g., fBr

dressed charge functio&(7) (see, e.g., Refs. 29,B@s a
solution of the integral equation

1 A
§(77):1_EJ_AK(”Z_”I')f(U')dU' (2.5

giving directly rise to the radius of compactification

R((M),A) (2.6)

1
CJamE(A)

are not available in the literature and therefore we have ob-
tained the integral equations presented for the aasd
above by an analytical continuation of those for1, as is
suggested, e.g., by Ref. 35ee, also, Ref. 36—apparently
such a continuation was also used in the recent Wprkve
have performed some checks that this yields indeed correct
results. For example, some raBiiassociated to certain mag-
netic fieldsh and anisotropie\ obtained numerically for
chains of length up td. =234 (Ref. 37 are reproduced in
this way.

As a further check, one can compare the critical magnetic

If one further wants to determine the associated magnetiga|q for the boundary of théM)=0 plateau atA>1 ob-

field h, one has to introduce another functieg(z), the
dressed energy, satisfying the integral equation

1 (A
Ed(”’?):‘fo(??)_ﬁ 7AK(77_77,)6d(77/)d77, 2.7

with the bare energyy(#) listed in Table I. Then the mag-
netic fieldh/J is determined by the condition that the energy

of the dressed excitations vanishes at the Fermi surface

€4(A)=0. (2.9

Using Eqg. (2.5 one can see thate(n)=¢e(7)|n=0
+(h/J)&(n) solves Eq.(2.7) if e(#)|h=o Solves EqQ.(2.7)
with formally h=0 (but for the giver{M)). From this and
Eqg. (2.8 one can easily obtaih onceA is known viah/J

=—e(A)|n-o/£(A).

tained by numerical solution of the above integral equations
with the exact solution of the Bethe-ansatz equaffons

he 27 sinhy < 1
J vy “ycoshi(2n+1)m2y]"

(2.9

where as beforA=coshy. In this casdi.e., for(M)=0) one
has A=7 and the above integral equations can be solved
using Fourier serie¥:*¢38|f one solves the above integral
equations numerically, the deviation from the exact result
(2.9 is of the order of the numerical accuradin our
implementatiof? always less than 1).

In passing we make a comment which will turn out to be
useful later. The resul.9) is the gap toS’=1 excitations.
However, the fundamental excitation of tieXZ chain is
known to be a so-called *“spinon” which carries

In general, these integral equations have to be solved ng*=1/23°-*! This spinon can be regarded as a domain wall

merically and A has to be determined by some iterative between the two antiferromagnetic ground statesAorl.
method. Although this is readily done by standard methods, &ince a single spin-flip creates two domain walls, the lowest
generally accessible implementation seems to be still unS*=1 excitation is a scattering state of two spinons. This
available. We have therefore decided to tentatively providepicture can be useful, e.g., in numerical computations. For
access to such solutions on the World Wide Wefhis  example, a single spinon can be observed for bddith
implementation works in the way described above. Typi-periodic boundary conditions.

cally, it gives results with an absolute accuracy of 1@r After this digression let us now return to the above inte-
better. Of course, one can change the order of the procedurgral equations. The results obtained from them are summa-
For example, one could also prescrid, then determiné\  rized in the magnetic phase diagram for kX Z chain Fig.
from Egs.(2.7) and(2.8), next the radius of compactification 1 (see, also, Refs. 42,33 for similar pictureEhere are two

R from Egs.(2.5 and(2.6) and finally (optionally) the mag-
netization(M) from Eqgs.(2.3) and(2.4).

Some remarks are in order concerning the casd.: In
this region the identification with @=1 conformal field

gapped phases: A ferromagnetic one at sufficiently strong
fields (which is actually the only one foA<—1) and an
antiferromagnetic phase fa>1 at small fields. In between

is the massless phase where the bosonized @19 is

theory has been established directly only by a numericabalid. An elementary computation of the spin-wave disper-
analysis of the Bethe-ansatz equatidfe a summary see, sion above the ferromagnetic ground state shows that the
e.g., Sec. Il of Ref. 38 However, the six-vertex model in transition between the ferromagnetic phase and the massless
external fields has been shotfino yield ac=1 conformal phase is located &/J=1+ A. This transition is a very clear
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FIG. 1. Magnetic phase diagram of t&XZ chain (2.1). For 0

explanations compare the text.

example of the Dzhaparidze-Nersesyan—Pokrovsky-Talapov FIG. 2. Magnetization curve of theXZ chain atA=2 obtained
(DN—PT) universality clasé§>*i.e., for (M)—1 the mag- from the integral equation&.3), (2.4), (2.7), and(2.8). The inset

netization behaves d@sompare also Ref. 46 shows the region of small magnetization and illustrates that also the
transition(M)— 0 is compatible with the DN—PT universality class
((M)—My)?~h?— hE: (2.10 for A>1 [the dashed line is a fit to the universal fofg10].

hereM,=1 andh/J=1+A. At this transition the radius to an increase iR with increasing(M). Clearly, the radius

takes the universal valug(1,A) = 1/(2/r). must be constant on th¢Y line which separates these two
The other transition line starts at the @Y symmetric regions:R((M),0)=1/2\/7 (though the magnetic field asso-

point(M)=0, A=1 with a radiusR(0,1)=1/\2. Actually,  ciated to a giver(M) is still a nontrivial function which

at(M)=0 the additional operator should be computed from the above integral equajions
Including the operatof2.1]) in the bosonized language
cog4\m¢) (21D (2.2, one recovers a Hamiltonian treated in Ref. 52 as a

appears in the continuum limit, which we have suppressed inodel for commens_u_rate—incommensur_ate tra_nsitions. This
Eq. (2.2) since it is irrelevant inside the massless phase. Afn€ans that the transitigiM)—0 forsj‘gi} is predicted to be
A=1 it is marginal and becomes relevant for-1, opening the_ DN-PT universality class,™ too. The same
the gap that gives the boundary of the antiferromagneti@oson'za“o” argument also leads to the already men_tloned
phase in Fig. 1. The associated phase transition is EESult R(O*A>l):1/\/; (see, also, Ref. 26 The inset in
Kosterlitz-ThoulesgK-T) transitiod” (see, e.g., Refs. 48— Fig. 2 illustrates forA=2 that for sufficiently small magne-
50). The almost marginal nature of the operator responsibl@Zations one can indeed observe a behavior that is compat-
for the gap leads to a stretched exponential decayAfor bl with the universal square ro@.10. It should be noted
slightly bigger than one which is characteristic for a K-T though that the window for the universal DN—PT behavior is
transition®® The exact asymptotic form for the gder criti- {00 small to permit verification within our numerical accu-
cal magnetic fieltlof the XXZ chain is easily obtained from racy for smaller values o (e.g.,A<1.2) where neither a

the Bethe-ansatz solution2.9) upon noting that y  reliable numerical check of the resit= 1/\ is possible.

~\2(A—1) and that in the limitA—1 only the termn=0 An analytic check of the asymptotic behavior of the magne-
contributes to the sum. One then fidls tization from the Bethe-ansatz solution would be interesting,

but is beyond the scope of the present paper.
It should be noted that the height of the entire inset in Fig.
(for A slightly bigger than 1. 2 corresponds to the first step in the magnetization curve of a
(2.12 chain of the finite sizé =112. Therefore, the exact solution
is crucial in verifying the exponern2.10—a numerical or
For this reason the phase boundary is indistinguishable frorgxperimental verification of this behavior restricted to such a
theh=0 line for XXZ anisotropies up td~1.2 on the scale small region would be extremely difficult. Similar difficulties
of Fig. 1. In this region, the numerical determination of thewill be faced in an experimental or numerical verification of
radius R is difficult for (M)—0. Nevertheless, using that R(0A)=1/\/7 or the equivalent statement for the correla-
A= for (M)=0 andA>1, one can readily check that the tion function exponents in the region Afslightly larger than
constant functiorg(#) = 3 solves the integral equatid@.5). 1.
Then one obtains from Eq2.6) that R(0,A>1)=1/\/.
For(M)=0 and|A|<1 one has\=« (see aboveand one
can use the Wiener-Hopf method to solve the above integral
equations in closed form. This yields in particuR¢0,A)
=\1/27[1— (1/m)cos A].?® In general, the radiuR in- In this section we apply Abelian bosonization to the
creases with increasing. For A>0, it decreases with in- weak-coupling region)’ <J of N-leg spin ladders. In par-
creasing magnetizatiofM ), while for A<O this is reversed ticular, we will show how the necessary conditigh.1)

h

TC ~ Ao w2(2V2(A—1))

Ill. LADDERS: WEAK COUPLING AND ABELIAN
BOSONIZATION
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arises in this formulation and discuss under which circum-Eq. (2.2) as the effective Hamiltonian for each chain and the
stances an allowed plateau does indeed open as a functionlmdsonized expressions for the spin operators which read
the parameterd’ and A. The lattice Hamiltonian for this

system is given by ] 1 b | | T
L NOL Six~ T % +const: cog2Kex+ VAm ;)1 + =5,
H<N>:J/i§j: X; §1,x3j,x+3i21 )(2::1 [Asﬁx . 52
| and
X ¥ S, S, S+ hz Z 3 + =y .
" 20 Sanat SaSa)| TRy S B S'=:e T4 1+ const cog2kpx+ VAT ]:. (3.3

whereJ’ andJ are, respectively, the interchain and intra- Here we have set a lattice constant to unity which appears in
chain couplingsh is the external magnetic field and the in- Passing to the continuum limit. The colons denote normal
dicesi andj label the different chaindlegs in the ladder. ordering which we take with respect to the ground state of a
The sum in the first term is over all possible couplings be-given mean magnetizatiofM;) in theith chain which is a
tween chains. The case of periodic boundary condition§atural choice. This leads to the constant term in G
(PBO) and open boundary condition®©BC) will be dis- which will play an important role in the discussion of the
cussed later. Here we have explicitly included Xz an-  terms that can be generated radiatively. The prefactor 1/2
isotropy A in the intrachain coupling. We have kept the in- arises from our normalization of the magnetization to satu-
terchain couplingl’ SU(2) symmetric for simplicity in later ~ ration values{M)==1. The Fermi moment&; are given
sections although this is not substantial in the weak-couplindpy kp=7(1—(M;))/2.
region which we will discuss in the remainder of this section. In the weak-coupling limit along the rungs, <J, we
The corresponding effective field-theoretic Hamiltonian isobtain the following bosonized low-energy effective Hamil-
obtained using standard methdt€ (see, also, Refs. 13—15 tonian for theN-leg ladder keeping only the most relevant
for the case of nonzero magnetizatio®@ne essentially uses perturbation terms:

N

— A
= [ dx[gz {700+ RA (M), A) (i (0)3 + 52, (3565 (X)) Gty (X))
i=1 Ti,j

+ 24 (Ngicof2x(ket ki) +VAm( i+ )]+ i cod 2x(ke — k) + VAT = 6]+ ha:cod V(hi— )11} |.

(3.9

The four coupling constants; essentially correspond to the part of the Hamiltonian. This is achieved by the following
couplingJ’ between the chains;~J'/J. In arriving at the  change of variables in the fields:

Hamiltonian (3.4) we have discarded a constant term and

absorbed a term linear in the derivatives of the free bosons . 1

into a redefinition of the applied magnetic field. _ _

The Hamiltonian(3.4) has been also used to represent wl_ﬁ(d’l_ b3), ¢2—%(¢1+¢3_2¢2)1
spinN/2 chains(see, e.g., Refs. 53,h4since they can be L
obtained in the limit oN strongly ferromagnetically coupled _
chains (' — —«). However, here we will analyze E¢3.4) "/ID_E(Q’”JF b2t ba). (3.5
mainly in the case of small antiferromagnedicand discuss
various boundary conditions.

Note that the\, and A3 perturbation terms contain an
explicit dependence on the positign the latter case this
dependence disappears for symmetric configurations with
equalki). Such operators survive in passing from the lattice — ™
to thchontinuum model, assuming that the fields vary Hder:J de{R2(<M>,A)[(1+a)(awa(x))zﬂl—b)
slowly, only when they are commensurate. In particular, the ) )

\, term appears in the continuum limit only if the oscillating X[ (et (X)) + Oxipa(X)) 711} (3.6
factor exgi 2x(ke+ kL)) equals unity. If the configuration is

symmetric, this in turn happens only for zero magnetizatiorwherea=2J3'/(Jmw*R?) =2b. We can now study the large-
(apart from the trivial case of saturatjon scale behavior of the effective Hamiltoni&8.4) where we

For simplicity let us first analyze the case wkh=3 and  assume alki equal due to the symmetry of the chosen con-
PBC. We first have to diagonalize the Gausdiderivative  figuration of couplings. Let us first consider the case when

In terms of these fields the derivative part of the Hamiltonian
can be written as
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the magnetizatioM) is nonzero. In this case only the;  only when the oscillating factor ex@k= kL) equals one.
and A, terms are present. The one-loop renormalizationThis in turn will happen when the foIIowmg specialized ver-
group (RG) equations are sion of the conditior(1.1)

N
S (1=(M))ez (3.9

d InL

db 35
—— =47 ——+12 2R\
2R?

is satisfied. At such values of the magnetization, the figjd
d\3 1 5 can then undergo a K-T transition to a massive phase, indi-
dinL 27R%(1—b) A= A3, (3.7 cating the presence of a plateau in the magnetization curve.
An estimate of the value a3’ at which this operator be-
comes relevant can be obtained from its scaling dimension

d\,

2 which in zero-loop approximation is given by
JinL =[2—-27R(1—b)]\s— 77)\4
It is important to notice that only the fieldg, and ¢, enter dim(cog V47N yp))= 5 N )
in these RG equations, since the perturbing operators do not A 7R +(N=1)/7(J3'1J)]
contain the fieldy, . The behavior of these RG equations (3.10

depends on the value 8. The main point is that always one
of the two\ perturbation terms will dominate and the corre-
sponding cosine operator tends to order the associated fiel
This gives a finite correlation length in correlation functions
containing the fieldg/; and, (or their dual$. For example,
for A<1 we have thaR?><(27) ! since(M)#0. Then,
from Eq.(3.7) one can easily see that the dominant term will R2 = N
be the\, one. This term orders the dual fields associated 8w
With iy anq . Then, the corre[atlon functions |r_1volvmg and the large-scale effective spin operators(afeRef. 53:
these last fields decay exponentially to zero. In either case,
the fieldyp remains massless. A more careful analysis of the

o L S . . I'N dyp
original Hamiltonian shows that this diagonal field will be (0~ \/53——
coupled to the massive ones only through very irrelevant 2w 9

At A=1 one then obtaing/~0.09 for the (M)=1/3 pla-
au atN=3 andJ;~0.7] for (M)=1/2 atN=4 and also
for (M)=1/5 atN="5. At the opening of such plateaux, the

effective radius of compactification is fixed to be

(3.11

operators giving rise to a renormalization of its compactifi- (M)
cation radius. However, due to the strong irrelevance of such + const:co62kex+ VA47mNp): + ~——,
coupling terms these corrections to the radius are expected to 2

be small, implying that the value of the large-scale effective (3.12

radius keeps close to the zero-loop resRi1—a. It is

straightforward to generalize this % chains when all pos- and
sible coupling are present and have the same valu©ne
can find a change of variables on the fields to S(x)~:e* o[ 1+ const cos2kex+ 4 1//0)(] 3
3.1

Yo: ¢ 1=1,...N-1, Then, Eq.(3.1)) fixes the values of the correlation exponents
whereyp= 1/\/—2 _,¢; . Again, for nonzero magnetization, at this point to be
all but the diagonal fieldsp will be present in the perturbing 1
termsk; and\4. The RG equations are essentially the same 7=4 Py=. (3.19
as Eq.(3.7) and the result is that only the fieldy will be 4
massless.

On the other hand, commensurate-incommensurate transition

We are then left in principle with a free Gaussian action result&220 14|mply that the values of these exponents should

for the diagonal field. However some operators can be radias
tively generated. We see from Ed8.2),(3.3) that when we
turn on the interchain coupling, theN*Umklapp” term 1

N N 7,=2; 77><y:§ (3.19
'N i + [ . ) .
J COS( 2Xi21 ke 4771:21 d)') along the upper and lower boundary of a plateau. This situ-
N ation is similar to thexXZ chain atA=1 andA>1 for the
i boundary of thd M)=0 plateau. However, the values of the
— 1/N i [
=J cos( 2Xi21 K+ 47TN¢D) (3.8 exponents are different since the perturbing operators are dif-
ferent.
appears in the operator product expangioRE). Note that the ‘N-Umklapp” process which allows the
Again, this operator survives in passing from the lattice toappearance of Eq3.8) produces a complete family of op-
the continuum model, assuming that the fields vary slowlygerators given by
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N N wherea andb are positive. As in the preceding analysis, one
co 2X|E k'F+I\/47-rZ ¢>i> can change variables to
i=1 i=1
N _ 1 _
=Cos( 2x1>, ki,:+|\/m¢f|3) (3.16 ¢D_ﬁ(¢l+¢2+¢3+¢4),
i=1
with | an arbitrary integer. The values of the magnetization
for which one of these operators is allowed are subject to a lﬁlzﬁ(%— b2t 3= dy);

generalization of Eq(3.9), namely Eq(1.1) in the Introduc-
tion (with S=1/2). However, the dimensions of these opera- 1 1
tors increase with2. So, these operators cannot be relevant )
. . . . = - ; =— - . 3.1

unless we consider regimes with an anisotropy parameter & \/E(d)l $a)i Y \/§(¢2 $a) (3.18
bigger than one or very big values of the interchain couplingF . o
J' far from the perturbative regime of the present analysis/ Of 9eneric values of the magnetization, it is easy to see that
Therefore, higher values ofare realized only under special the diagonal fieldjp is again the only field that does not
conditions. Whilel=2 can be obtained by either strong &cquire a mass under the perturbation. Then_, the analysis of
Ising-like anisotropyA or frustration at strong couplingsee (€ @ppearance of té-Umklapp term for particular values
Sec. VI below, it is possible that=3 can be realized only if of the magngtlzgtlon is |dent|cal_ to the one pe(formed before.
suitable symmetry-breaking terms are explicitly introduced! N generalization to gener¢ with PBC is straightforward,
into the Hamiltonian(3.1). one first builds the radlatlyely generat'ed coupllngs by keep-

Note that formally, the preceding analysis can also bdnd Only the lowest order id’. Once this step is performed,
carried out using the fermionic Jordan-Wigner formulation.the only difference with respect to the case of equal inter-

For example, in this formulation th&l-Umklapp operator chain couplings is the zero-loop value of the dimension of
(3.9) is given by the N-Umklapp operatofwhich enters via the initial condi-

tions for the RG flow. This has the effect of changing the

N value of the coupling)’ at which a plateau opens with a
( H R;(X)La(x)exp(ZikEx)) given value of the magnetization, but the qualitative behavior
a=1 of the system is similar. This conclusion is not so straight-
N forward for (M)=0, where as we will see, the difference
+| II L;(x)Ra(x)exq—Zikﬁx)) , between frustrating and nonfrustrating configurations can be-
a=1 come crucial.

whereR, andL, are the right- and left-moving components ~ €oncerning finally the case of OBC, let us first consider
of the fermions. We have chosen to use the bosonized lar2d2in the casé=3 with antiferromagnetic coupling be-
guage because it is more appropriate for general values of tf@ween the first and second chain and the second and the third
anisotropyA. chal_n. Again, this coupling is not stable under RG _transf_or-
The analysis above was for the case where all the chain&ation. Under RG transformations the OBC configuration
were coupled together with the same coupling value. MordVill flow towards a nonfrustrating cyclically coupled con-
precisely, the estimates for the appearance of plateaux wefguration. The main point is that for weak coupling and
for positive (frustrating interchain coupling. To generalize NONZero magnetization, the most relevant perturbing term
this to PBC(which is different from the preceding case for will be again the one containing differences of fields or th¢|r
N=4), we first notice, using the bosonized expression of th&lu!s. Then they will produce a mass gap for all the relative
effective Hamiltonian, that this configuration of couplings is 9€9rees of freedom and one recovers a scenario similar to the

not stable under RG transformation. E.g., the OPE betweefyMmmetric case, where only one massless field is left. On the
terms like cos,—d,) and cosfs,— ¢) generates an effec- other hand, theﬂappearancel\bbmklgpp operators and their
tive coupling between the fields; and &5, etc. The under- commensurability is unchangeq, since these criteria d_epend
lying intuitive picture is that antiferromagnetic couplings be-©n the value of the magnetization and not on the particular
tween the chain 2 with the chains 1 and 3 generates aRPUPlings between the chains. _

effective ferromagnetic coupling between the chains 1 and 3. L&t us study now the more complicated case of zero mag-
For example, foN=4 and PBC, ferromagnetic couplings Netization. FoxM)=0 the), term in Eq.(3.4) is commen-

are generated along the diagonals between originally yrpurate an_d must be included in the_ perturbation terms. The
coupled chains. This case is part of the family of configura-s"fuat'On is now much more .Compllcgted bgcause this rel-
tions with antiferromagnetic nearest-neighbor and ferromag€Vant operator couples the diagonal figlg with the mas-
netic next-nearest-neighbor couplings. For this generafiVe Ones. For equal coupling betwelr3 chains, the RG

situation atN=4, the coupling matrix in the derivative part €duations are now

is given by da  16m\2
2
1 a —-b a dinL R2
a 1 a -—b (3.17
' . 2 2
-b a 1 a ﬂzw _ﬁ_%HzﬁR?)\ﬁ
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TABLE II. Values of h at which the magnetization jumps for E@.1) with coupling constanf’, A=1,
N sites and different boundary conditions.

h/J’
N OBC PBC
*1
2 2
-2 2
4 ( 1) 143-\2 +2,+1
1+ —=|, +——————
V2 2
5 5+./5 5+\/§ 3+\/§
+ 4\/_=t1.80902,il.11887, 0 r—g ot 0
6 +1.86603,+1.38597,+0.49158 iy LT V5 V13-45
- 2 2
dx, 2 1 / 2 1 For such a value of the renormalized radius, Kh&mklapp
T2 3 2\ 17 + 1—b) No— Ao\ 3, term becomes strongly relevant fbir even, and marginally
n AmR a irrelevant forN odd. These arguments are based on the as-
sumption that théuncontrolled RG flow will drive our sys-
d\3 1 ) ’ tem to the[SU(2) symmetrid strong-coupling regime. The
dinL_ | <~ 27R2(1—b) Ng= mhz= A3, situation is even more subtle for positivé (or \;), because

in this case, from E(3.19 one sees that the quadratic terms
™ could now prevent the RG flow to reach the same strong-
4 =[2-27R3(1—-b)]\s— m\2 (3.19  coupling regime as fod’<0. A numerical analysis of the
dInL RG flow for a frustrated three-leg Hubbard ladder at half
filling provides evidence for the opening of a g&mon the
other hand, a non-Abelian bosonization anaffsisads to
, the conclusion that the weak-coupling region is gapless. This

with the RG initial conditions

a(0)=2b(0)= i (3.20  case deserves further investigation and series expansions are
Jm’R? one way to approach this issue.
and
21, , IV. STRONG-COUPLING EXPANSIONS

(3.2

where we kept the notation of Eg&.4),(3.6). We see that
the radius of compactification of the diagonal field is now
strongly affected by the presence of the term. Note also
that theN-Umklapp process generates the operator

In this section we diagonalize the interaction along the
rungs exactly fod=0 and then expand quantities of interest
in powers ofJ/J’ around this limit. In order to be able to
cover a variety of cases, we used a quite general method to
perform the series expansions which is summarized, e.g., in
Sec. lll of Ref. 57(actually, the program used in the present

'™ cogV4mNyo) (322 paper is a modified version of the one uded.cit.).
for N even, and As was already pointed out in Ref. 16, one can simply
count the number of chairs in the limit J/3’—0 in order
J'N cog2\4mNyp) (3.23  to determine the allowed values of the magnetizatibh.

This is presumably the simplest way to obtain the quantiza-
for N odd. For nonfrustrating interchain couplif@negative  tion condition(3.9). A less trivial fact is that all these values
J' coupling between all the chains for examplall relative  of the magnetization are in fact realized. For example, for
fields are massive according to Ref. 54. We can then inteferromagnetic coupling’ <0, the magnetization jumps im-
grate out these massive degrees of freedom. The crucial poif{ediately from one saturated vald)=—1 to the other
is that now the radius of the diagonal field gets a nontrivialgpe (M)=+1) as the magnetic field passes through zero.
correction due to the strong interaction with the massiveyevertheless, for not too large one can readily compute
fields. Since this field is the only one expected to describghe magnetization curve of E€R.1) and check for antiferro-
the large-scale behavior of the system, for-1 and(M)  magnetic coupling’ >0 that all possible values of the mag-
=0, the SU2) symmetry of the model would fix the radius netization are indeed successively realized as the field is in-
of this field to b&* creased. The critical magnetic fieldsat which one value of

the magnetization jumps to the next largest one are given in

Roe /N (324 TaDEI.
eff 27 ' As a next step, one can take the intrachain coupling
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perturbatively into account. First, we look at a two-leg laddertriplet in a sea of singlets. Since the @Jsymmetry is bro-
(N=2). The rung HamiltoniaH,=J’S;S, has two eigen- ken down to W1) by the perturbation, different series are
values whose difference corresponds to the critical fields preebtained for thes’= =1 andS’=0 components of the trip-
sented in Table Il. The lower eigenvalue equal3J’'/4 and  let.

belongs to the spif=0 eigenstate, while the other threefold  Here we concentrate just on the series for the gap, but also
degenerate one equal¥4 and corresponds to the spin trip- previous results for the ground-state energy and the disper-
let (S=1). For convenience, we concentrate on an isotropision relations are readily extended to higher ordeos,to
interaction for the rungs, but it is straightforward to include analytical expressions ia for longer serie¥ at A=1 with
anXXZ anisotropyA in the interaction along the chains. One numerical coefficients.

motivation for doing so is that this permits further compari- The gap is obtained by the value of the excitation energy

son with the weak-coupling analysig'(<J) of the previous  of a single flipped spin at momentuk= 7 with S*=+1.
section. AtJ=0 the ground state is obtained by putting sin-\we find

glets on each rung. A basic excitationJat O is given by one

E, J +1+A2 J\? (1+A)? J)3 —2+6A—9A2+A4/J 4+ 21—84A+39A2—48A3+2A4(J 5
J o\ 4 \J 16 (J 32 3" 256 3"
82—98A+15M2—50A3+80A4—1%6/J 6 J\7
- | +0| | = 4.1
1024 \J J

At the isotropic pointA=1 we recover well-known results: For this special case, the first three orders can be found in Ref. 8,
a fourth order was given in Ref. 16 and numerical values of the coefficients until 13th order are contained in Ref. 58.

The serieg4.1) contains a singularity at’ =0 which has no physical meaning but is simply due to the choice of expansion
parameter. We therefore analyze it by removing this singularity via the substitutions

J/
X=——7 X=tan

_ 1
J+J’

1
3/ 4.2

From the raw transformed series one can then find some indication of an extended massless phasé’af sxrall . with
A.~0.25-0.5. The opening of this massless phase is predicted by the zero-loop analysis of the previous section to take place
atA.=0. Since the information obtained in the weak-coupling regime from a strong-coupling series is not extremely accurate,
this agreement can be considered reasonable.

Now we turn toN=3 and OBC. In a way similar to the previously discussed series one finds the following fourth-order
series for the lower and upper boundary of {f)=1/3 plateau:

hcl_ Ai1 J (A+1)(8A-5)(J 2+(A+1)(14m2—307A—23)/J 8
A T . N 972 |3
(A+1)(40572A3—83025A2+76961A—73295/J 4 J\®
+ | +O - , (43)
367 416 | J J
hc2_3 J +10+17A2(J 2+ 2196\ +252-554A°+171A% J |3
J 2 ¥ 36 \J 3888 |3
+30172+38988&—28387A2+7028A3—888&4/J 4 J\° s
326 592 13" ) “.4

A third-order version of these series was already presented in Ref. 16 for the specidl-ehs&Ve employ again the
transformationg4.2) to analyze these series. The raw transformed series indicate=ftorthat the(M ) = 1/3 plateau does not
extend down until’ =0 but ends at a critical valu¥. . The numerical value is found to 3¢~1.0—1.4 atA=1. This number
should however not be taken too seriously as is also indicated by the large uncertainty of the critical anisptabpoye
which this plateau extends over all nonzelfa A.~1.0-1.6. At least, this rough estimate fag is compatible withA
~1.19 as obtained from the zero-loop weak-coupling analysis.

The next case we considerié&=4 and PBC. In the strong-coupling limit we find plateaux &)=0 and at(M)=1/2.
Series can be computed readily for the geynich determines the boundary of thil)=0 plateay and the lower and upper
boundary of thg M)=1/2 plateau. In this order, they read
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EP 4 s 33A%2-12A+20( J|? 24+194A%+131A( J\®
J T sl 108 J 1296 |3
, 3524213-17 599 7787+9 014 20& +1 923 76@°+7 733 98&*( J 4+(9 J\® .
39191 040 \3 7)) (4.5
he? 44 3A+8(J . 9A%+96A - 308 J )2+ 3690 +972A°—13140?— 9464 J |
J 6 |J 864 |3 31104 9
885 195\*— 69 076 728 %— 61 318 885545 83A°+117 897 364 ( J | * J\® 6
156 764 160 |3 ) 4.6
hel) _,, A-2(3| 5A%123/3|2 BAT-42A-0A2-51)|% 38\%19BIA%-5GA’+ 1634403 J )¢
J 2 |3 32 |\ 256 g 4096 g
J 5

The superscriptff) means that these series are for PBC.

Again, we analyze these series using the transformati/@s. We apply this first to the gaft.5 and find that the gap
closes for somel’ >0 if A<A. where the estimates for the critical value span an intefyat0.8—1.2. This interval is
centered around the value.=1 predicted by power counting in the context of Abelian bosonization.

Concerning the opening of thgM)=1/2 plateau, we can first locate its ending point in the same way as befdie as
~0.8-1.6 at A=1. What is more interesting is the conclusion that this ending point cannot be pushed ddjnaGddy
increasingA. This is in agreement with the zero-loop weak-coupling analysis which implies tHa an 1/2 plateau does not
exist forJ’<J andN=4 regardless of the choice d&f

Finally we present second-order versions of analogous serids$=fgt and OBC(denoted by a superscrip):

V6

2\ 3 V3
(1+[ V2)- (J— )J,—(mm%z—1288A+947)—ﬁ5(1682A2—27603+184D
J 3
o) ws
o — 140602+ 2691A +637)
J 3
0

(4.10

E(

2

2_ _ _
3312(417& —7176A + 4063 214 7 +0O

J
(862A2 12427 + 869)} (

h(‘” 2\/—+9A+8

<1+f V2)+ J,) [[ o

2_
1656(114& 1932 — 155)+165

2
+0

!

2_
26 49é27 81A“—57 408\ —97 216 + 5

J
( 142502+ 2553\ + 3920] ( 7

828

(0)
hC2

LA mBe e 0 (3

N +\/§+TJ_’ 128 \

A second-order expansion of the dispersion relatioAafl. ~ due to the many square roots encountered, as is already in-

has already been presented befbtpugh with floating-  dicated by the results presented here.

point coefficients. Equation4.8) agrees with the result of

Ref. 8 for the gapo~ (k=) up to first order, but there is @, THE STRONG-COUPLING EFFECTIVE HAMILTONIAN

minor _d|fference in t_he second order: We believe that the OF A FRUSTRATED LADDER

coefficient of cosR in Eq. (23) of Ref. 8 should read

—0.5278 ... (not —0.469). We have also checked Eq. Here we look at strong coupling (>J) for PBC and odd

(24) loc.cit. and in this case found perfect agreement. N. In this case additional degeneracies preclude a simple
Given the low order of the seri€4.8)—(4.10 we do not analysis as in the preceding section. From a first-order con-

try to draw conclusions for the weak-coupling region fromsideration inJ one infers that the low-energy effective

them. We have restricted to only second order since a synmHdamiltonian for Eq.(3.1) with A=1 andh=0 is then given

bolic computation of higher orders is very difficult. This is by (see Refs. 56,54 fa=3 and Ref. 59 for largeN):
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L the matrix elements of th&%-S? interaction. Therefore, the

Hg?‘f’p):—El [1+ an(ox o1t 05 0% 1) 1SS 1 effective Hamiltonian for generid is given by
=
(5.1 L
> ) ) ) (N,p)_ =~ + - -+
where theS, are sii2) operators acting in the spin space and HyP'= Ng‘l [1+an(oy oyt 0oy 0yi1)]

o, act on another two-dimensional space which comes from
a degeneracy due to the permutational symmetry of the 1
chains, P ymmey x| ASISE 1+ 5 (SIS0t S S|, (53

We have checked the validity of E¢p.1) for N=3, 5, 7,
and 9 in the following way: First one has to determine thewhere the parametergy remain those given in Eq¢5.2).
ground-state space at each rung Jer0 which is nothing The generalizatior5.3) includes in particular the cage=0,
but the ground-state space of Mrsite Heisenberg chain. For corresponding to two coupledY models. Then(i.e., for
N odd, the lowest energy states h&&e= +1/2. In the case A=0) one can apply a Jordan-Wigner transformation to Eq.
of OBC, this would be the only degeneracy.@Usymmetry  (5.3. However, even in this case one obtains a four-fermion
is then sufficient to conclude that the effective Hamiltonianinteraction with the effect that the problem does not simplify
is a simple Heisenberg chain which is gapless in accordancén contrast to the familiar case of fermion bilinears par-

with the generalized Haldane conjecture. ticular, the determination of the ground state of E§3) for
For PBC there is another twofold degeneracy in additiorA=0 is far from being straightforward. . o
to this twofold degeneracy in spin space: Rbodd and PBC As was pointed out in Ref. 16, the effective Hamiltonian

the ground states of a Heisenberg chain carry momknta (5.3 describes the response of E§.1) to a magnetic field
=+ 27 (N+1)/4//N where parity symmetry is reflected in for [(M)|<1/N at strong coupling. FON=3 (i.e., @3=1)
the freedom of choice of sign. So, the ground-state space &ndA=1 we find by exact diagonalization of E¢.1) that
each rungx is four dimensional: The operato& act in the t_he transition F°<M>: 1/3 (full magnetization for the effec-
two-dimensional spin space and the act in the two- tive Hamiltonian takes place at I¥J=4.3146, 4.3121,

dimensional space spanned by the ground-state momenta.#ﬁlo_s' 4.3100, 4.3b(:96 fr=8, 10{ 12"[,h14’ 16, r_eslpectlwely.f
This degeneracy makes perturbation expansions] in IS IS In reasonavie agreement with numerica’ values tor

highly nontrivial: At first order inJ one has to diagonalize the lower boundary of th¢M)=1/3 plateau 0f(3.1) at J

the matrix(5.1) which is determined by the matrix elements >J (compare Fig. 4 of Ref. 16

of the interaction along the legs in E.1). That the only

nonzero matrix elements are those given in §&gl) can be VI. NUMERICAL ANALYSIS OF THE
inferred just from the following symmetries of the full STRONG-COUPLING EFFECTIVE HAMILTONIAN
Hamiltonian: Global S(®) symmetry[actually one needs

only the U1) Cartan subalgebra of €)] and invariance : : T ‘
. 4 . erformed numerical diagonalizations mainly fde=3 on
under simultaneous translations or reflections along all th inite systems, as was already done in Ref. 59Nerl. The

rungs. These symmetries also imply some identities betweelq ST .

. . amiltonian has two conserved quantiti&: (for A=1 ac-
the nonzero matrix elements, but at the end one still has t ; I .
explicitly compute some matrix elements—at least in orderPua"y the total spinS) and a second similar quantity related

H H H z
to determine the constantgy. We have performed such to the first factor in Eq(5.3 which we denote bg.”. The

direct computations of matrix elements fd¢=3, 5, 7, and 9 :g\c/)vke Ztt fr']%en;alroefhgrg;;?;ﬁiﬂ;r}ﬁgf lsggg:gr Flltrfiurvrzg
and found the associated valuesagf to be 9ap i

out that one can fit the system-size dependence of this gap

To learn more about the spectrum of Ef.3), we have

16 nicely by?!
0=1, as=7, @;=2620689. ..,
a
Esz_gg— L):E z— = (OO)+—. (61)
@e=3.501283. ... (5.2 z-og-1(L) =Esrogma(®)+

In contrast, e.g., to th&XZ chain (2.1), already forN=3 Estimates for these parameters based on data for lengths up
the Hamiltonian(5.1) does not satisfy the Reshetikhin crite- to L =14 are presented in Table Il for some valuesiadnd
rion [Eq. (3.20 on p. 101 of Ref. 60 Therefore, it is in  N=3. The numbers in brackets indicate the-tonfidence
general not integrabléin the sense that it would be the interval of the fit for the last given digit. Since this ignores
Hamiltonian of a one-parameter family of transfer matricespossible other error sources, the true error may be a little
which commute among themselves and with this Hamil-larger. Our result forA=1 [Esz_gg—;(%)=0.208(1)]
tonian. So, one has to treat it by other approximate or nu-agrees within error bounds with that of Ref. 59
merical methods; e.g., a density matrix renormalization{Esz_qs—1(%)=0.27(7)]. From Table Il we conclude
group study was carried out foi=3 in Ref. 59 providing that theS*=1 excitation of Eq(5.3) is gapped for alA=0
evidence for a gap t&=1 excitations. and that there is nothing special about the cAsel from

In the present paper we are interested in gen¥iZ this point of view.
anisotropiesA#1 in the interaction along the chains in Eg.  One comment is in place regarding the fof®nl) since in
(3.1 and thus we should generalize E§.1). This generali- a gapped situation the convergence should ultimately be ex-
zation is obvious from the way théXZ anisotropy appears ponential(or at least of ordet. ~?>—see, e.g., Ref. 57, and
in Eq. (3.1) and our derivation of Eq(5.1): A just multiplies  references thereinHere we seem to observe a typical cross-
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TABLE lll. Parameters for the fit Eq6.1) to the S°’=1 gap of Eq.(5.3). The first six columns are for
N=3, but various values ak. The rightmost column is for N=o" with ay/N—1.

A 0 0.2 0.4 0.8 1.0 1.2 1.0

Eszoog—1()/J 01395 0.1348) 0.1665 0.2001) 0.2081) 0.2142)  0.3906)

al/l 2.784) 3.356) 3.194) 3.0797) 3.0887) 3.132) 5.724)

over phenomenon, i.e., the small values of the gap imply ate ground state arising due to spontaneous dimerization in
large correlation length such that our system sizes may bthe thermodynamic limit. The fact that the energy levels in
well below the correlation length. In such a range of systenirable IV have momentumr relative to the ground state is
sizes one would indeed expect to observe finite-size correcompatible with this interpretation and yieldls2 for the
tions which are typical for massless situations. Since the coreondition(1.1).
rections should ultimately become smaller, this would lead to Next, we investigate the momentum dependence of the
obtaining systematically too small values of the gap. Withgaps to the lowest excited states of E51) with N=3. The
the fit (6.1) we thus obtain a lower bound for the gap which data for>*=0 and total spinS=0 is shown in Fig. 3 and
is presumably not far from the true value. In particular, wethat for total spinS=1 (alsoX?=0) in Fig. 4 (compare also
can safely infer the presence of a gap. Fig. 4 of Ref. 59. Here, we measure the momentum of the
Concerning the case 6f>3, one observes from E¢6.2)  excitations relative to the ground state. It should be noted
and a further value fowq; (Ref. 59 that ay is roughly that due to parity conservation only half of the spectrum is
proportional toN, i.e., ay~0.44N for large N. Using this  shown (the parts fork>m or k<O are mirror-symmetric
information, we have extrapolated E&.1 to infinite N set-  extensions of this figuje The two figures look quite similar.
ting limy_..an/N=1 in order to avoid the uncertainty in the Both can be interpreted as the lower boundary dtveo-
true proportionality constant. This limit eliminates the termparticle scattering continuum. In particular, we do not ob-
1xS,S,., in Eq. (5.1). The rightmost column in Table IIl Serve one-particle states.
shows the value for th8=1 gap that we obtain in this case. ~ T0 extrapolate the lower boundaries of these two-particle
It should be noted that the properly rescaled value Nor Scattering states, we have Fourier transforiéd” Then we
— = is slightly lower than that foN=3 atA=1 (the former have extrapolated each coefficient of the Fourier series sepa-
is about 80% of the latter However, even folN=c our  rately using a Shanks transfortwhich is thea=0 special
estimate for the gap is still remarkably distinct from zero.case of the vanden Broeck-Schwartz algorithm—see, e.g.,
This suggests a gap in the strong-coupling li¢sitl) for all ~ Ref. 63. This leads to
N which slightly decreases &— «, but does not close even

in this limit.
Now we turn to the “gap” in theS’=0 sector forN=3. ES 2 gs-0(K)/3=0.654478)—0.014191)co
The data in Table IV can be interpreted as evidence that it
asymptotically decreases roughly as —0.411108 cosx+0.04Q 136)cosk
1 —0.044cosk, 6.3

Exog—o~ 2 62 ©3

at least this “gap” clearly tends to zero in the thermody- L6 F . ’ : )

namic limit[in particular close taA =0 the finite-size expo- L ° . :

nent could be different from that given in E¢.2)]. This
energy level corresponds to the state constructed in the gen
eralized Lieb-Schultz-Mattis theoreffi-?42 According to
Ref. 59 this energy level should be interpreted as a degener-
=]
TABLE IV. RescaledS*=0 “gaps” of Eq. (5.3) with N=3 for
various values of\.

A 0 0.2 0.4 0.8 1.0 1.2

L L2Ess_gg0/d

4 11.04294 12.16715 13.29556 15.54226 16.65656 17.76262  ° i - P .
6 14.71647 15.34371 16.29211 18.64172 19.94276 21.29515 k

10 20.18126 18.90011 19.00079 20.85874 22.23517 23.807687=0 and total spir6=0 as a function of momentuinrelative to
12 22.28842 19.75430 19.34576 20.83216 22.17023 23.7682the ground state. The symbols are for6 (rhombij), L=8 (+),

14 24.06309 20.15994 19.24047 20.33604 21.60791 23.1936k =10 (squarey L=12 (X), and L=14 (triangles, respectively.
The line is the extrapolatio(6.3) of the lower boundary. — .
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FIG. 5. The spinon of Eq5.1) with N=3, i.e., lowest gaps in
the sector with2?=1/2 and total spirB=1/2. The symbols are for
L=5 (rhombj, L=7 (+), L=9 (squares L=11 (X), andL=13
) (triangles, respectively. The line is the extrapolatio.6) of the
ESz_s-1(K)/J=0.67%43) +0.023 24)cok—0.492cosk dispersion curve to the thermodynamic limit.

—0.025c0s&—0.058 11)cos&k

FIG. 4. Same as Fig. 3, but for total sg#+ 1. The line shows
the extrapolatior(6.4).

Making single-particle states visible is traded for the ab-
—0.01350)cosk. (6.9  sence of a ground state at oddIn order to permit interpre-

tation of the results as gaps we have therefore interpolated

The numbers in brackets indicate estimates for the error gf,o ground-state energy using the valuek atl. The result-
the last given digits. Here we have suppressed the highegly gispersion relation for the spinon is shown in Fig. 5. As
harmonics, since they cannot be reasonably extrapolated byt . already the case for the spectra at elgit turns out
are expected to be small anyway. , that k should be defined such that translationally invariant
In this way we obtain a rather inaccurate estimate for the;-ioc o the lattice appear alternately lat0 and
gap E~0.3) with a large uncertainty which is due to the \_ - e actual convention can be read off from Fig. 5

Iarge_ errors in par.ticular in Ed6.3) and_ the pncertginty in ..noting that only eithek=0 or k=7 can be realized for odd
the higher harmonics. Nevertheless, this estimate is still quit

_clotshe ;[oEthe gn; in Eagli . A morel |n'§(’terrlgstlng obbservgtlon To interpret the data, we have again Fourier transformed
is that Eqs.(6.3) and (6.4) are equal within error hounds. E2. First, this gives an interpolation QEyz_1p5-1 at k

I siagests st hese o lreshold can be nerireled Dz Anaiogousy 1o Eq (6.0 we f the. data. forL
tal particle. Such a fundamental excitation would have to be_ 5.’9’13 to the_forrr(the valu_es fol. =7 and 11 should be

o : . . o . . omitted to obtain a monotonic sequejce
similar to the spinon in th&XZ chain; in particular it would
have to carnS=1/2 (and>*= +1/2).

Let us now try to exhibit this fundamental excitation ex- a

plicitly. For evenL and periodic boundary conditions we Esz-uzs-1aL) =Esz=1p5-0A%) + T (6.5
have only found two-particle scattering states in the low-
lying excitation spectrum. Therefore, it is natural to look for
a spinon-type excitation at odd (still periodic boundary and obtain an estimate for the gap of the spinon
conditiong in the same way as one can exhibit the spinon forEsz_/,5_1,(°)=0.131(8) with a=0.51(6). This is
the XX Z chain®*~*'We have computed the spectrum of Eq. roughly consistent with half the value in Table IIl or that
(5.0 for N=3 and oddL from 5 to 13 in the sector with given in Ref. 59, as it should be if our interpretation as
3?=1/2 and total spir8=1/2. The main difference between single-, respectively, two-spinon scattering states is correct.

the present situation and th€XZ chain is that here we ex- An alternate way to analyze the data is to extrapolate each
pect a charge conjugate pair of spinos € +1/2), while  coefficient of the Fourier series separately using a Shanks
for the XXZ chain there was only one. transform. Using now all available, we find

E22_ 15 1A K)/3=0.6331155) + 0.0592 184) cosk+ 0.5387 122)cosk + 0.0121 63) cosk — 0.0633 160)cosdk

—0.0127cosk+0.0177cosB. (6.6)
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h/J

<M>=1/3 <M>=173

h/J

ra

FIG. 6. Schematic magnetic phase diagramhatl for () N=2, (b) N=3 and OBC,(c) N=3 and PBC,d) N=4 and OBC,(e) N
=4 and PBC. White regions in theJ’/J plane indicate gapped regions with a plateau in the magnetization curve, while the shaded areas
are massless and the magnetizatith) changes continuously if the applied figidis varied.

As before, the numbers in brackets indicate estimates for the Methods similar to the ones used in the present section
error of the last given digits. For the two highest harmonicsmay be useful also in other cases beyond the present one and
there is not sufficient data for an extrapolation, so we justhe study of Ref. 41. One natural such candidate is a direct
take theL =13 estimate without being able to estimate anobservation of a spinon-type excitationNt= 3 cylindrically

error. The extrapolatioK6.6) is shown by the line in Fig. 5. coupled chains at intermediate or small couplidgs
Obviously, finite-size effects are more important fr

< /2 than fork> /2. Equation(6.6) yields another esti-

mate for the gap of th(_e spinoEzzzl,zszl_,z(oo)~0.11_6]. VIl. SUMMARY OF RESULTS

The error estimate obtained from E@.6) is not sensible,

but the value for the gap itself is very close to our previous Our results are best summarized(gthemati¢ magnetic

extrapolation or half the value given in Table IlI. phase diagrams. For definiteness we consider tH@)ym-
Finally, we have checked that within error bounds themetric situationA=1, though similar pictures can be drawn

dispersion relatiori6.4) can be written in terms of Eq6.6)  for other values ofA as well.

as EEZ:O,S: 1(k): Ezz: 1/25= 1/2(k_ k’)+ Ezz: 1/25:1/20(,) For Completeness, let us start with the cke?2, where

with somek’. Such a decomposition must be possible if ourthe corresponding picture is given by Figap The bound-

particle interpretation is correct. ary of the(M)=0 plateau is determined by the spin gap in
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zero field which for arN=2-leg ladder has been studied in assumed 1/ corrections, though this is not entirely satisfac-
great detail. Fod’/J<1.5 we use the quantum Monte Carlo tory). In the strong-coupling region we used our series in-
results of Ref. 11 in Fig. ®); for J'/J=1.5 the raw 13th stead of numerical data. The series and numerical data are
order strong-coupling series of Ref. 58 is used instgade =~ matched afl’/J=3.5 orJ’/J=2.5 for the series correspond-
the excellent matching at'/J=1.5). ing to the upper boundary for OBC E(.10 or PBC Egq.
Both the numerical dathand the series expansiGhsup- ~ (4.7), respectively. At the lower boundary of thé)=1/2
port a linear opening of the gap for smdll, as was pre- plateau we matched the serigs9 and(4.6) to the numeri-
dicted by a dimensional analysis of the perturbing operator irtal data atl’/J=2.25 andJ’'/J=1.75, respectively. Neither
the field-theoretic formulatioff'~%° of the methods accessible to us is very accurate in the region
Figure gb) shows a more interesting case, id53 with  where this plateau closes, but all three meth@dsnerical,
OBC. The boundaries of théM)=1/3 plateau have been series and Abelian bosonizatjopoint to a location of the
determined from the fourth-order strong-coupling seée3) ending point in the region wher& andJ are of the same
and (4.4) for J'/J=2. For 1=J'/J<2 we obtained them order.
from a Shanks extrapolation of the finite-size data in our The gaps forN=4 are taken from our serie@.8) for
earlier papet® The remaining weak-coupling region is the J’/J=2 for OBC and Eq(4.5) for J'/J=1.5 for PBC. For
most speculative part of the figure. We located the endingBC the accurate numerical data for the gap of Ref. 11 is
point of the(M)=1/3 plateau in the vicinity of the corre- used in the weak-coupling region. The corresponding line in
sponding point on the magnetization curves of decoupledrig. 6(€) is in comparison rather an educated guess which is
Heisenberg chains, as is suggested by the Abelian bosonizaspired though by =4 andL=6 numerical data. Regard-
tion analysis if one assumes a similar behavior for OBC andng the series both for the gap and the boundaries of the
PBC (the bosonization analysis predicts for PBC that the{M)=1/2 plateau, we observe a trend that those for PBC can
(M)=1/3 plateau disappears for small but nonzataJ). be used for somewhat smaller valuesJofJ than those for
The analogous case with changed boundary condition®BC. This is expected since the former are fourth order but
(i.e., N=3 and PBQ is shown in Fig. €). Here, no series the latter only second order.
expansions are possible due to extra degeneracies at strongAlthough Fig. 6 is for the particular choick=1 there is
coupling. The boundaries of the plateaux have therefore beemothing particular about this casat least for nonzero mag-
determined in this case mainly on the basis of older numerinetizationg, and one would obtain similar figures for other
cal datat® We have used a Shanks extrapolationlfer4, 6,  values ofA as well. Further plateaux may open fr-1. In
and 8 forJ'/J=2.75 at the lower boundary of théM)  particular, there should always be @M)=0 plateau in
=1/3 plateau and fod’/J=2.5 at its upper boundary to N coupledXXZ chains withA>1, since each such chain is
estimate their location. For smaller couplings, the finite-sizemassive and this should be preserved at least for sufficiently
data is nonmonotonic. The best we can do in the range Weak coupling. In the Ising limih—oo and for nonfrustrat-
<J'/J<2.5is to fit theL=4 and 8 data to a form with L/  ing boundary conditions it is easy to see that this is accom-
corrections like Eqs(6.1),(6.5). The ending point of the pla- panied by breaking of translational symmetry to a petiod
teau is again placed on the basis of the weak-coupling analy=2 in the ground state. In the general casel, such a
sis. It should be noted that the nature of the transition at theeriodl =2 reconciles the appearance of a gap for both even
upper boundary of théM)=1/3 plateau changes qualita- and oddN with Eq. (1.1).
tively for J'/J=2.7528 This strongly frustrated region is in- The Abelian bosonization analysis predicts all the mass-
dicated by the bold line in Fig.(6). It is possible that the less shaded regions in Fig. 6 to be1 theories(with the
transition becomes first order along this line. Note that theexceptionJ’ =0 where one trivially has a=N theory. In
region in question is far outside the weak-coupling regionthese regions the exponents governing the asymptotics of the
where we expect all transitions to be continuous. correlation functions depend continuously on the parameters.
Another interesting difference between Figé)éand Gc) Predictions can be made, however, for the transitions at the
is that in the latter a tinyM)=0 plateaui.e., a gapopens. boundaries between such massless phases and plateau re-
Its boundary has been estimated at intermediate couplings lgions. The opening of a plateau when varyiHgis a transi-
fitting theL=4, 6, and 8 daf& to the form(6.1). This yields  tion of the K-T type*’ Like in the case of the transition at
slightly smaller values than those given in Ref. 59 in theA=1 in the XXZ chain, this implies a very narrow plateau
cases where we overlap. However, we agree with Ref. 59 iafter the transitioficf. Eq. (2.12] which makes it difficult to
the most important point, namely the existence of such abserve numericall? At the transition point the asymptot-
plateau. A numerical determination of its ending point isics of the correlation functions is governed by the exponents
difficult, and the field-theoretical weak-coupling analysis is(3.14), while along the boundaries of the plateaux one has
not yet conclusive eithét*®—the ending point may well be the universal exponent&.15. It should be noted that an
anywhere in the weak-coupling region<@’ <J. attempt to verify the latter exponents numerically or experi-
Finally, the magnetic phase diagrams fo=4 are given mentally is likely to rather lead to the exponents character-
by Figs. &d) and Ge) for OBC and PBC, respectively. To istic for the transition point if one is sufficiently close to it.
obtain them, we have performed further numerical computa- The field-theoretical analysis also predicts the asymptotic
tions. For the upper boundary of t§&1)=1/2 plateau we behavior of the magnetization in a massless phase but close
have numerical data fot=4, 6, and 8 such that we can to a plateau boundary to be given by the universal DN-PT
apply a Shanks transform to it. For its lower boundary webehaviof***Eq.(2.10. We have in fact numerically verified
have onlyL =4 and 6 data and therefore we have to make arsuch a square-root behavior close to saturatidh)—1) at
assumption on the finite-size corrections to extrapolate@ét some values of’/J for N=2, 3, and 4 with both OBC and
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PBC. However, the example of th€XZ chain shows(cf. a consequence, there cannot be any long-range order which
Fig. 2 that close to other plateau boundaries this universais typical for the two-dimensional Heisenberg model, and
behavior may be restricted to a tiny region and its observathere is no reason why the low-energy spectrum should not
tion could be very difficult. In experimental situations, it will be gapped as it apparently is.
be further obscured by thermal fluctuations and other effects Similar surprises cannot be completely ruled out in the
such as disordesee, e.g., Ref. 28This explains why rather weak-coupling region foN even and(M)=0. The zero-
accurate experiments di=2-leg spin-ladder materidi&®”  field case is difficult to control since there is an additional
show no evidence of a square-root behavior(fgr)— 0. relevant interaction between the massive degrees of freedom
Quite surprisingly, massless excitatiofisough nonmag- and the possibly massless orféise coefficient of\, in Eq.
netic onep also arise in plateau regions. This can be seeri3.4)]. In general, this gives rise to nonperturbative renormal-
from Eg. (5.3 which for (M)=1/N is just anXY chain and ization. In the isotropic casd=1 one can use the $P)
therefore massless. This yields massless excitations in trymmetry* to infer the renormalized radius of compactifica-
limit J'—o0 in Fig. 6(c), or more generally in the strong- tion of the remaining massless field. This then leads to the
coupling limit on the(M)=1/N plateau forN odd and PBC. generalized Haldane conjecture in the framework of Abelian
Whetherd/J' =0 is just a critical point or if massless non- bosonization. FoA>1 a gap is always expected in the weak-
magnetic excitations also arise at finite remains to be in- coupling regime since already the decoupled chains are mas-

vestigated. sive. The situation is far less clear for anisotropies 1
since then it is not known how to control the
VIIl. DISCUSSION AND CONCLUSION renormalization-group flow. An investigation of this region

i i . -~ by other nonperturbative methods would be interesting. It

In this paper we have investigated the conditions undemay also be desirable to perform further checks of the ab-
which plateaux appear iN-leg spin ladders as well as the gence of an extended massless phase in tH@)Symmetric
universality classes of the transitions at the boundaries ofjiation for everN=6.
such plateaux. Certain small plateaux may have slipped our Beyond a more detailed understanding of Mieg spin-
attention. For example, there could be a narid)=2/3  |adder model(3.1) treated here, a similar investigation of
plateau folN=3 and PBC at intermediate or strong coupling gther models could be interesting. One natural step would be
J" which would be accompanied by spontaneous breaking of include charge degrees of freedom, and see if interesting
translational symmetry to a peride= 2. If this should turn  effects arise from the interplay of a magnetic field with trans-
out to be the case, it would have to be added to Fig).6 port properties.
However, our main point is the presence of such plateaux, | ast but not least, it would be desirable to have an experi-

not the absence of particular ones. . mental verification of our predictions. We are confident that
We also confirmed the conclusion of Ref. 59 that in thethis is possible, in principle, and hope that it will in fact be

caseN=3 frustration induces a zero-field gap at least forcarried out.

sufficiently strong coupling. It may be even more intriguing

that, according to our strong-coupling data, this gap seems to

survive theNfoo Iimit for an odd n.ur.nbeN of cylindrically. ACKNOWLEDGMENTS
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2.1.2 Degrés de liberté de charge et de spin

Dans cette section nous étudions une généralisation des résultats obtenus
sur les chaines et les échelles de spins de la section précédente. Les spins 1/2
traités auparavant proviennent d’électrons dont les propriétés de transport jouent
dans certains cas un role trés important. Nous allons mettre en évidence les
deux aspects fondamentaux des systémes fortement corrélés en une dimension en
étudiant d’une part la relative indépendance des degrés de libertés de spin et de
charge et de 'autre I'intrication persistante entre les phénoménes magnétiques et
de transport dans ces systémes.

La relation entre magnétisme et transport peut étre mise mise en évidence en
une dimension avec le modéle de Hubbard. LLa version bi-dimensionnelle de ce mo-
déle est en effet la pierre d’angle pour étudier le phénomeéne de supraconductivité
a hautes températures dans les oxydes de cuivre.

Le Hamiltonien du modéle de Hubbard pour des électrons de spins 1/2 en une
dimension est :

H=>>" (—t (W] biar + e e) + U 9 g0l o l) (11)

too=T,l

Le premier terme correspond & un Hamiltonien de "saut" entre sites voisins sur
une chaine et le deuxiéme & un terme d’interaction (que 'on considérera générale-
ment répulsif) entre électrons au méme site. Bien qu’on puisse facilement imaginer
des généralisations de ce modéle, (11) peut étre résolu de fagon exacte et nous
donnera déja un comportement trés riche qui nous permettra de comprendre plu-
sieurs des phénoménes caractéristiques des systémes fortement corrélés en basses
dimensions.

Commencons par considérer un nombre d’électrons général, qui ne correspond
pas au "demi-remplissage" (un électron par site) < n; >=< 1/137T17Dm "’%‘T,lwi,l >=
1. Dans ce cas, la théorie de champs correspondant au comportement a grandes
échelles du systéme sera donnée par I'action [1] [2] :

SHubbard = S\ zNWey ), T OU) (12)

ou le premier terme correspond aux degrés de liberté de spins, avec I'action du
modéle de WZNW comme nous 1’avons vu plus haut pour les chaines de spins
1/2, et le deuxiéme terme est donné par l'action (9) mais sans opérateur de per-
turbation. Cette écriture est révélatrice du phénoméne de séparation spin-charge
que nous avons mentionné. En effet, on voit clairement que I'on peut créer des ex-
citations de spin ou de charge indépendamment. Ce fait se retrouve aussi dans la
forme des fonctions de corrélations, qui dans la théorie euclidienne sont données
par des fonctions algébriques de x 4+ vt pour le secteur de spin et x 4 v.t pour le
secteur de charge : les vitesses v, et v. coincident uniquement pour U = 0. Cette
différence est encore plus marquée dans le cas du demi-remplissage (< n; >=1).
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Dans ce cas, du fait de la valeur de I'impulsion de Fermi kr = 7/a (a étant la
distance entre sites du réseau), un opérateur correspondant a un processus de
rétro-diffusion devient conmensuré avec le réseau. Le fait que cet opérateur (ainsi
que d’autres) soit présent dans la théorie discréte, mais avec un terme oscillant
de site en site, fait que dans la théorie continue & grandes distances on aura des
compensations site par site, et seul une dérivée de cet opérateur, correspondant
typiquement & un opérateur non-pertinent sera présente. En revanche, pour le
demi-remplissage, le terme osicilant disparait et on obtient pour ’action effective
du secteur de charge Paction (9) avec n = 2. Pour U > 0, 'opérateur de pertur-
bation est pertinent dans le sens du groupe de renormalisation et produit un gap.
Les fonctions de corrélation du secteur de charge sont donc exponentiellement
décroissantes avec la distance et, & grandes échelles, on retrouve uniquement les
degrés de libertés de spin comme pour la chaine de spins 1/2 discutée plus haut.
Sans entrer dans les détails techniques qui sont explicités dans 'article qui suit,
nous illustrons ce comportement en mentionnant deux opérateurs définits dans
le continu, correspondant a la densité de charge et de spin et qui sont définit
respectivement par :

p(x) = Pl (z) + vl (2) (13)
et
S*(z) = Pl (z) — Yl (2) (14)

Bien que le comportement a grandes distances du premier posséde une décrois-
sance exponentielle, les fonctions de corrélation du deuxiéme sont données, a
grandes distances, par celles de I'opérateur de spins S* de la chaine de Heisen-
berg de spins 1/2. On peut donc considérer la chaine de spins 1/2 comme un
systéme effectif construit au niveau microscopique par un modéle de Hubbard a
demi remplissage, avec U trés grand, ol les degrés de libertés de charge sont "ge-
1és" ; ce résultat peut en fait étre obtenu directement par une simple analyse au
deuxiéme ordre en théorie de perturbation pour U grand en toutes dimensions.

Comme les modéles de Hubbard sur divers réseaux semblent contenir dans
une certaine limite les chaines et échelles de pins que nous discutions plus haut,
il est intéressant de voir si 'on peut retrouver et généraliser les résultats sur les
plateaux d’aimantation dans le contexte du modéle de Hubbard. Pour cela, nous
introduisons un terme de champ magnétique dans (11)

h
=5 2 Ul — ¢l (15)

Le modéle sur réseau est toujours intégrable par Ansatz de Bethe [2] et la solution
peut ensuite étre utilisée pour construire une théorie de champs effective. Il y a
toujours une séparation entre deux degrés de liberté, comme pour le cas h = 0,
mais cette fois-ci ces degrés de liberté n’ont pas une interprétation directe en
termes de charge et de spin. Ils correspondent en fait & un "mélange" de ces
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degrés de liberté. Dans le langage de la bosonisation, si ¢; et ¢ correspondent
aux champs bosoniques pour spin "up" et "down" respectivement, alors les degrés
de libertés pertinent pour décrire le théorie (que 'on continue d’indexer avec les
lettres "c" et "s" par commodité) seront donnés par :

¢c . 1 Zss Zss — ch Qﬁ
(¢s)_detz <Zsc Zsc_ch) <¢I) (16)

La matrice Z dépend des valeur de U et h et nous donne le résultat déja connu
dans le cas h = 0. La facon la plus simple de favoriser la présence de plateaux
dans la courbe d’aimantation est d’introduire une périodicité non-triviale dans le
réseau, avec un terme de la forme :

=6 Y (W atra+ He) (17)

i’ =mp,«x

qui introduit une différence dans 'amplitude de saut avec une périodicité p. Nous
avons montré que dans ce cas, si le nombre total d’électrons est maintenu fixe -ce
qui est typiquement le cas des matériaux dopés- la courbe d’aimantation a des
plateaux chaque fois que :

gWﬁﬂ@eZ (18)
ou N, est le nombre moyen d’électrons par site et M est ’aimantation par site
normalisée & M,,,, = 1. Pour N, = 1 ce résultat correspond a la généralisation
de la condition de plateau pour les chaines p mérisées et peut aussi s’étendre a
des échelles de spins. En effet, ce travail a été complété par ’étude d’'une échelle
formée par N chaines [3|, ot l'on montre que, toujours pour un nombre total
d’électrons fixés, la condition de plateau est donnée par :

g(m L M) ez (19)

Ce résultat nous donne non seulement la généralisation de celui des chaines de
spins mentionnées plus haut, mais il nous indique aussi que la position en ai-
mantation de tels plateaux peut étre réglée avec du dopage, et rendue ainsi plus
accessible pour les oxydes de cuivre ol les champs magnétiques nécessaires pour
avoir des valeur de I’aimantation non négligeables sont généralement trés grands.
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Hubbard chains with periodically modulated coupling constants in a magnetic field exhibit gaps at zero
temperature in their magnetic and charge excitations in a variety of situations. In addition to fully gapped
situations(plateau in the magnetization curaad charge gap we have showfPhys. Lett. A268 418(2000]
that plateaus also appear in the presence of massless modes, leading to a plateau with a magnetizaten
value depends continuously on the fillingHere we detail and extend the arguments leading to such doping-
dependent magnetization plateaus. First we analyze the low-lying excitations using Abelian bosonization. We
compute the susceptibility and show that due to the constraint of fixgéd/anishes at low temperaturésus
leading to a magnetization platgaeven in the presence of one massless mode. Next we study correlation
functions and show that one component of the superconducting order parameter develops quasi-long-range
order on a doping-dependent magnetization plateau. We then use perturbation theory in the on-site t&pulsion
to compute the width of these plateaus up to first ordéy.ifrinally, we compute ground state phase diagrams
and correlation functions by Lanczos diagonalization of finite clusters, confirming the presence of doping-
dependent plateaus and their special properties.

DOI: 10.1103/PhysRevB.63.094406 PACS nuntder71.10.Fd, 71.10.Pm, 75.60.Ej

I. INTRODUCTION Materials with a ladder structuresee, e.g. Ref. Jdare

. : . also good candidates for exhibiting magnetization plateaus.
Strongly correlated electron systems in low d'menS'O”SHowever, since the copper-oxide related materials are

are pre§ently a subject of intense research. In part.|cular, F@Lrongly coupled, plateaus with nonzero magnetization are
magnetism of such systems has revealed very interestingredicted in a magnetic field range, which causes difficulties
properties and it is by now well established that spin chainsvith the present experimental tools. A mechanism yielding
and spin ladders present plateaus in their magnetizatioplateaus at lower values of magnetic fields would therefore
curves. It has been shown theoretically that plateaus occur ipe very attractive. As we have shown in the case of modu-
general arational fractions of the saturation magnetization. lated Hubbard chain$, doping may actually provide such a
The position of these plateaus is subject to a quantizatiof’€chanism since it allows a continuous variation of the pla-
condition that involves the volume of a translationally invari- t€au magnetizatiom with the filling n—extending in this
ant unit cell (see, e.g., Refs. 13.7From the experimental particular case also into the low-field region. Doping-
side, different materials have been found which exhibit pla-d€Pendent magnetization plateaus have also recently been
teaus. One example is a dimerized spin-1 cBairhich ex- theoretically studied in a different system, namely an inte-

hibits a plateau at half the saturation magnetization as pregrable spir}S geeneralization of the-J chain doped with $
—1/2) carriers-® where, however, the appearance of plateaus

S;Cte?h:an Rsz];tjr'a'si‘o%mdmc;;r?gtjiiii(f:)?\r a iglat(?;;j ?:'0833 th'rdls restricted to I_arge magn_etization val_ues. Another example
PH-C.SO.° though it i t vet fully cl ﬁ tﬁ Zth of such a situation occurs in the one-dimensional Kondo lat-
5C4S0,, " thoug It 1S not yet Tully clear whether the .o modelt” where unpaired spins behave ferromagnetically,
proposed frustrated trimer chain model is really approprlategiving fise to a spontaneous magnetization of a value con-
or which parameters should be uséd. trolled by doping.
The most striking examples of plateaus have so far been Here ‘we detail and extend our previous sttidgf the
observed experimentally in the materials S}(BO;), (Ref.  effect of a magnetic field and a periodic modulation
11) and NH,CuCl (Ref. 12 and again both constitute chal- (p-merization of the hopping amplitude or the on-site en-
lenges for theory. There is general agreement thagrgy on adopedone-band Hubbard chain whose Hamil-
SrCw(BOs), is a predominately two-dimensional material tonjan is given by
and how it should be modeled theoretically. Though some
progress has been made in understanding the origin of some + t t
of the observed plateaddjt remains a difficult problem to ~ H= _E{ tO0(Cxs 10800 H.c.)+Ux21 Cx,1€x,1Cx,1Cx,|
compute the complete magnetization process within this '

L

model. On the other hand, the high-temperature crystal struc- ht

ture of NH,CuCkL suggests a one-dimensional model, but +> M(X)Cl,acx,a_z > (CI,TCX,T_C)‘E,LCX,l)'
nevertheless it remains unclear which model is appropriate X =1

theoretically for this compound. (1.1
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Herec;a andc, , are electron creation and annihilation op- satisfied. The latter case generalizes the well known charge
erators at sitx, =T, | the two spin orientations, arfuthe  gap at half filling 4=1) as well as the charge gap at quarter
external magnetic field. The hopping amplitugg) and the ~filling in the dimerized Hubbard chaimé 1/2, p=2).3°%
chemical potentiaj(x) are taken as periodic in the variable ~ The plan of this paper is as follows: In Sec. Il A we
X with periodp. briefly review the bosonization approach for the Hubbard
The one-dimensional Hubbard model with dimerized cou-chain for arbitrary filling and on-site Coulomb repulsiorin
pling constants §=2) is realized in a number of real com- the presence of an external magnetic fi@dr conventions
pounds like the organi¢supejconductor® and the ferro- are summarized in Appendix A and details on the bosoniza-
electric perovskite® While some materials in the former tion approach in Appendix B**?®In Sec. Il B we then use
class come at quarter filling, one frequently also finds realthis bosonization scheme to study the effect of a modulation
izations of the half-filled Hubbard model. In this case, theof the hopping amplitudes and the on-site enexgx) and
model, Eq.(1.1), is in the same universality class as a modu-find the conditions under which a plateau is present. The
lated spin-1/2 Heisenberg chain. Realizations of the latteappearance of plateaus for irrational values of the magneti-
exist also at periodg>2: Some examples of trimerized zation and superconducting correlations are analyzed in
chains p=3) have been studied in Refs. 20,21, and 9. Secs. II C and Il D, respectively. In Sec. Ill we study the
A technical motivation for resorting to the one- limit of small U perturbatively and show that the doping-
dimensional Hubbard model is that the uniform chain is ex-dependent plateaus are also present there. Then we study the
actly solvable by Bethe AnsatBA) for arbitrary values of ~ground state phase diagrdfec. IV A and correlation func-
the on-site repulsiory, filling, and magnetic field®> The  tions (Sec. IV B numerically on finite size systems by
exact solution can then be used to construct a low energineans of Lanczos diagonalization. Finally, we summarize
bosonized effective field theofy;?® which can in turn be our results in Sec. V, discuss some experimental settings
used to study perturbations of this modsée, e.g. Ref. 26  where the features presented in this paper could be observed,
Here we first review some aspects of the bosonization deand point out open routes for further research.
scription of the Hubbard chaih?®and extend it for the case
of a finite magnetic fielch+# 0. Il. BOSONIZATION APPROACH
Focusing on the case of constant chemical potential
w(X)=pu, we have shown in Ref. 15 that magnetization pla- A. Field theory description of the Hubbard chain in a
teaus can appear for the model, Ef.1), if the density of magnetic field

particlesn and magnetizatiom* satisfy In this section, we summarize the analysis of the Hubbard
model in a magnetic field using Abelian bosonization. For
p ; further details see Ref. 25. The lattice Hamiltonian is the
=(nxm)e’. (1.2 : ; _
2 standard one, i.e., Eq1.1), with constantt(x)=t, w(X)

These conditions are commensurability conditions for the up #
electronsn; =(n+m)/2 and down electrons, =(n—m)/2,
respectively. More precisely, if both conditions are simulta-H= -t (CI+1,aCX,a+H'C')+UE CI,TCx,TC;le,l
neously satisfied, the system has both charge and spin gaps. oo X
On the other hand, if only one of these conditions is fulfilled, h
the filling has to be kept fixed in order to have a magnetiza- +,u2 (CI,TCX,T+C>T<,1CX,L)_ > E (clﬁcm—cl‘lcxvl).
tion plateau. A simple explanation of the conditions, Eq. X X
(1.2), can be givef? in the noninteracting limit  =0). (2.0
Then, the Hamiltonian Eg.1.1) can be easily diagonalized
and is found to have bandse*(k) (see Sec. IIl for more This model was already solved exactly by BA in 196&ut
detaily. The magnetic field breaks the symmetry betweert took until 1990 for the correlation functions to be com-
up- and down-spin electrons by shifting their chemical po-puted by combining BA results with conformal field theory
tentials by opposite amounts. It is then possible that onéCFT) techniqueg? Spin-charge separation is a well known
chemical potentialsay for the up electrongies in one of the feature of the Hubbard chain at zero magnetic field. Interest-
p—1 band gaps while the othéior the down electronss in ingly, it is no longer spin and charge degrees of freedom that
the middle of a band. This situation leads to a doping-are separated if an external magnetic field is switcheé on.
dependent plateau, if one imposes the constraint of fixed fillNevertheless it has been shown that in the presence of a
ing n (and only in this case Then the magnetization can be magnetic field, the spectrum of low energy excitations can be
increased only by moving an electron from the down-spindeSCI’ibed by a semidirect product of two CFT’s with central
band into the up-spin band, which requires a finite energy oghargec=1.?° This in turn implies that the model is still in
equivalently a finite change of magnetic field, leading to athe universality class of the Tomonaga-LuttingeL ) liquid
plateau. However, since the filling of the down-spin elec-and therefore allows for a bosonization treatment.
trons remains adjustable, one obtains a doping-dependent In order to proceed, we write the fermion operator as
value of the magnetization at the plateau.

Finally, we have also shownthat a charge gap opens if ¢, ,— #,(X)~ € F.ey (X)+e *Fyp (X) + . ..
the combinationpne Z of the two conditions Eq(1.2) is (2.2
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= elkraXe™ 1T o(0) 1 g Kr oXg ETdR () 4 representation of the low energy sector of the full Hamil-
(2.3  tonian Eq.(2.1). This program has been carried out in Ref.

. . 25 and we just quote here the final result. The fixed point
whereke , are the Fermi momenta for up- and down-spln(i_e_, neglecting all irrelevant term®osonized Hamiltonian
electrons and¢r , are the chiral components of two (.54

bosonic fields, introduced as usual in order to bosonize the

spin-up and -down chiral fermion operatoyg | ,. (Our

conventions are settled in Appendix)AThe dots stand for H:f dx
higher order terms, some of which are written explicitly in

Appendix B. They take into account the corrections arising\/\/heretﬁt=(d;RT v dL PR ¢L,). The matricesA s have
from the curvature of the dispersion relation due to the Couthe following form:

lomb interaction. For nonzero Hubbard repulsibh and

magnetic fieldh, the low energy effective Hamiltonian cor- Ac st bc,s Acs— bc,s CesT dc,s Ces™ dc,s
responding to Eqg(2.1), written in terms of the bosonic fields Acs—bes Acstbos Cos—Oes Cestdes

¢, and ¢, has a complicated form mixing up and down , _ ' o ' o
degrees of freedom. The crucial step to obtain a simpler ™ ©° Cestdes Cosmdos €ostles €osles|
bosonized Hamiltonian is to consider the Hamiltonian of a Ces—des Costdes € s—Tfes €stfcs
generalizedtwo componentTL model and identify the ex-

citations of the latter with the exact BA ones for the model (2.9
Eqg. (2.1), providing in this way anonperturbativebosonic  where

Ue . - Uy a
7(9)((1) AcaXCI)Jr?&X(D Ao, @ |, (2.9

a:=(Ze)?  be=(ZeemZsd®  Ce=Zo(Zed +Zc)
do=ZodZoo— Zso) €= (Zo+Zeh)? fo=2% 8
as=(Zs)?  bs=(Zes—Zsd®  C=Zi (2o 250
ds=Zs{Zcs—Zso) es:(Z;sl+Z;cl)2 fS:Z§S' 27
|
In these expressions;; (respectively,Zi’jl), i,j=c,s, are u; 5 5
the entries of the dressed charge mattirespectively, its 2 o | dX(axp)?+(5x6)?], (2.11

i=c,s

where = ¢pr+ ¢ and 6= ¢pg— ¢, .
(ZCC ch) At zero magnetic field, the matriX reduces to

inverseZ 1) taken at the Fermi points

Zse Zgg (2.8 £ 0
Z(h=0)=(§/2 1/\/5), (2.12

These matrix elements are solutions of a set of coupled inte-

gral equations obtained from the BAand depend on the )

couplingU, the chemical potentiak, and the magnetic field With £€=¢(,U). In this case we recover the well known

h. In turn they can be related to physical thermodynamicexPressions for the charge and spin fields

quantities®® L L
Substituting for the bosonic fields E(¢T+¢l)’ ¢’s:ﬁ(¢1_¢1)’ 2.13

Z Z—Z
o = L ss Zas Zes) [ 2.9 where the compactification radius of the spin fiélé., the
bs| ~ detz| Zse Zsom Zec|| D1 | ' parameter which indicates the period @, ¢s= s
+27Ry, Ra=1//27)** is fixed by the S(2) symmetry of

b=

and for their dual fields the spin sector. The radius for the charge field, on the other
hand, depends on the chemical potengiedand the Coulomb
6, Zee—Zse  Zsc 0, couplingU. Furthermore, foh=0 the charge and spin de-
( 0 ) = ( 7 7 _z ) ( 0 ) ’ (2.10  9rees of freedom are completely decoupled.
s ss Tes ss ! It should be noted that fam+ 0, the fields arising in the
diagonalized form of the bosonic Hamiltonian Eg.11) are
the Hamiltonian takes the form no longer the charge and spin fields even though they have
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been labelect and's. For example, the charge field is in Oper=\1 SiM K /2+ pk, x— JT(Zeetho— Zests) ]
general given by, + ¢ | =Z.cpc—ZcsPbs.
For generic values of the parameters of the model Eq. X cogk_/2+ pk_x—\/;((zcc— 2Z4.) b

(2.1), we can now write down for example the bosonized

expression for the charge density operator —(Zes—2Zs9) ps) ]+ Nz siMk, +2pk, X

~VAT(Zeepe—Zeshd)], (2.17)

where \j,\,<6 and the Fermi momenta ark, =K,
+kg,  =mn, K_=kg;—Kg =7m, wheren is the filling

p(X)= ¢l () + ¢ (%)

= J—;ax(zcc(ﬁc—zcs(ps) and_m i§ the magnetization. .The presence pf a faptar the
oscillating part will play an important role in the following.
+, SN, X— \7(Zobe— Zesths)] The operator
X COE[k_X— \/;((ch_ ZZSC) b~ (ch_ Zzss) ¢s)] A3 COS{ k_+ 2p kox—2 \/;( (ch_ Zzsc) ¢c
+bp Sin(2k+X_ \/E(ch(ﬁc_zcs(ﬁs)): (2-14) _(ch_ Zzss) d’s)]a (2-18)

wherea, b, are nonuniversal constants, whose numericalVith A3 6° is radiatively generated from the first term in Eq.
values are known only in special cases. Details on how sucff-17 and must therefore be included as well.
expressions are obtained are given in Appendix B. Formulas_ !N the case of zero magnetic field the dressed charge ma-

of the type Eq.(2.14 are our fundamental bosonization trix is given by Eq.(2.12 and we have then a neat separation
rules. between charge and spin fields. The most relevant perturba-

tion takes the form

B. Space dependent modulations

~\sin Ve |cod V27
In the present subsection we study two different perturba- Operi= Ay SiN == +pNaX— 7| CO$ V27 bs]
tions of the Hubbard chain E¢2.1), which consist of space

dependent modulations of certain parameters. In particular TNz sinfmn+2pnaX—4médp]. (219
we shall consider a space dependent modulation of the hop- _ ) ) )
ping amplitudet(x) and of the on-site energy(x). The marginal operator associated with contains only the

spin field, its dimensioiffixed by the SWY2) symmetry is 2,

and it is marginally irrelevant. A term like this is already

present in the original model and is also marginally irrel-

In this case, the Hamiltonian reads as in Efj1) with  evant. Hence, fos small enough, this term can be absorbed
u(x)=const and(x) =t if x#Ip andt(Ip)=t’'=t+4, with i the original marginally irrelevant perturbation term with-

p,I integers andp fixed. This is equivalent to the uniform out changing its relevance character.

Hubbard Hamiltonian Eq(2.1) perturbed by the term The \, term affects only the charge degrees of freedom
and its dimension runs from 1, fay—« to 2, forU=0,
being then always relevant for the cases of interest. We can

Hper=—196 > (CI/,aCx'+1,a+ H.c). (2.159 therefore conclude that the charge field is massive whenever
x'=Ip,a this operator is commensurate, which in turn happens if the
conditionpne Z is satisfied.

At half filling and for largeU, a standard second order per-  |f this happens, we can integrate out the massive charge

turbative computation in I shows that the effective Hamil- degrees of freedom which leaves us with an effective theory

1. Modulated hopping amplitude

tonian is given by for the spin degrees of freedom. This effective theory is
massless except when the operator associated withe-
B M%) . . comes also commensurate, i.e., if the conditpm2 e 7 is
H=> T S, Sii1s (2.16 satisfied. In that case, we have also a spin gap in the system.
X

These considerations are easily generalized to the case of
nonzero magnetization as long as the conditome 7 is

thus leading to thg-merized Heisenberg chain studied in satisfied. In this case, the, term in Eq.(2.17) is always
Ref. 6. It was predicted there that magnetization plateausommensurate. Since it contains only the proper charge field
occur when the conditiop/2(1—m) e Z is satisfied® We ¢+ ¢, a charge gap opens for all values rofat these
now use Abelian bosonization techniques to analyze theommensurate values of the filling. The conditipne 7 is
more general case of the model Ed.1) in the small§  also satisfied when the two conditions Ef.2) are simulta-
(weak p-merization) limit. neously satisfied. In this case, also theterm in Eq.(2.19

Using the bosonization dictionary given in Appendix B, becomes commensurate, thus leading also to a spin gap.
we find the expression for the continuum limit of the lattice  In particular forp=2,3, we predict the following fully
perturbation Eq(2.15 gapped situations:
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p=2: Half filling (n=1): gap for the charge, and plateau but thatn+m is not an integer, i.e., the commensurability
for m=0. Quarter filling = 1/2) (and alssn=3/2): gap for ~ condition is fulfilled only for down electrons. Assume first
the chargeé® 23 and plateau fom= *+1/2. that there is no interaction between up and down electrons
p=3:n=1, n=1/3, andn=5/3: gap for the charge, and (U=0). Then we are led to analyze the excitation spectrum
plateau form= *1/3. n=2/3 andn=4/3: gap for the charge, Of the following Hamiltonian in a system of length
and plateau fom==*=2/3, 0. .
The final case where only one of the conditions BEg2) _ vy 2 27, Y1 2 2
holds is more complicated since then the charge and spinH_ fo x5 L(oxb) ™+ (0014 S (0xp )"+ (946))7]
degrees of freedom can no longer be separated. We therefore
postpone discussion of this case. +\ cog2\7)), (2.24

2. Modulated on-site energy with total magnetization

Now we consider the Hubbard chain Ed.1) with a uni- L 1 1
form hopping amplitudé(x) =t but a periodic modulation of M= f dx—=dx(b;— b)) = —=(b;—b))l5-
the chemical potentiaju(x)=w if x#Ip and w(Ip)=pu o N m
+ 6w, with p,l integers,p fixed. This is equivalent to the (2.29
uniform chain Eq.(2.1) plus an on-site energy term that Motivated by experimental realizations of Hubbard systems,
reads where typically doping is fixed, we also impose the con-
straint that the total particle number is fixed:
Hr,)ert: Sp E Ci,acx,a' (2.20
x'=Ip,a 1

1
o - N=f dx—=0dy (1 + )= —=(d+¢)5. (2.26
The casgp=2, h=0 has been studied in detail in Ref. 35. r N

In the continuum limit the perturbing operator E&.20 From Eqs.(2.25 and(2.26 we see that the fields, | sat-

becomes isfy the following boundary conditions:
Ol’)ert:)\l sin pk,yx— \/;(chd’c_zcsd’s)] 2¢T||6:\E(N+M) (2.27
X cog pk-X— T ((Zoe— 2Z50) b~ (Zos— 2Zs9) $5)] )
26 l6="m(N-M). (228

+ N2 SIN2pky X = VAT(Zecpe—Zeshs)), (2.2
) o Notice, furthermore, that the field$, , are compactified,
which radiatively generates a term of the form i.e., they satisfy the periodicity condition

N CO§ 2PK_X— 2T ((Zoe— 2Zs0) bo— (Zes— 2Zs) ). b1 = by L (2.29

2.2
. ) ) (2.2 Therefore, in a semiclassical picture, the vacuum configura-
The only difference with respect to the previous case, Eds;gp for b is

(2.17 and(2.18), is a phase in each of the sines or cosines,

which however plays a role only at half filling and zero mag- p

netic field(see also Ref. 35Apart from this particular case, d(X)= Z(N+ M)x+ const. (2.30
the conclusions remain the same as in the previous case.

On the other hand, fop, the vacuum configuration is a kink
C. Partial gap: irrational plateaus

We have shown in the previous subsection that, when b1 (x)=k(x), (2.3)

both commensurability conditions E€L.2) are satisfied, the \yhere k(x) is a configuration interpolating between two
spectrum of the model Eq1.1) is fully gapped. Itis not yet  minima of the cosine potential in the Hamiltonian E2.24)
understood what happens if only one of these conditions ignq satisfying the boundary condition EQ.28. Now we
satisfied. In this case, apparently one degree of freedom renange the total magnetization, keeping the total number of
mains massless. We will show that the system nevertheless,ticles fixed. The lowest energy excitation of this type con-
exhibits a gap for magnetic excitationge., excitations gjsts of reversing the spin of a particle, which corresponds to

changing the value of the magnetizatioprovided the total  he changeM —M+2. The new boundary conditions then
charge(i.e., the fillingn) remains fixed. become

For the sake of simplicity we will restrict ourselves to the
dimerized chain = 2) in this subsection although the argu- 2¢|5= Jm(N+M+2), (2.32
ment can be generalized easilyfo-2. Suppose that

26, |5=\m(N-M~-2). (233

P _ _ ,
p(N—m=n-m=2n,e7, 2.23 The new vacuum configuration faf; is therefore
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N Therefore, for small enough temperature, the distribution
d(x)= I(N+ M + 2)x+ const, (239  exd—B(mQ%2LK)] has to be replaced by a delta function
in Q=(N+M)/2, giving
and it is straightforward to show that the difference in energy
with respect to the original one is linear inL1/On the con-
trary, changing the configuration of the kink requires a finite

amount of energyproportional tox) because the new con- We find then an exotic situation in which we have simulta-

figuration is in a different topological sector. This corre- cously aluebraic decay of correlation functions. since the
sponds to the presence of a gap in the spectrum of magnetic y alg y '

excitations, and therefore of a plateau in the magnetizatioavOcal dynamics is masslelss,l but zero magnetic susceptibility,
curve ue to the global constraint imposed on the system. The only

. . mewhat similar situations we are aware of incl I
To support the previous conclusion further, we analyzeSO ewhat similar situations we are aware of include plateau

the magnetic susceptibility for a chain of finite sizelt is i:zte;etci)(f: S;;‘gﬂg'g();%‘f{g%‘gg \?v%ilrI] ;Zd(tjr?ers|:r/it2 ﬂiﬂ%sésr g?n-
given by the integral of the correlation function of the spin 9 ' 9

density operator (1\/;)(9)((%_ $,). Since the down sector singlets inside the gap of the Heisenberg antiferromagnet on

: inm 39
is gapped it does not contribute to the zero temperature Iimff1 Kagomelattice.
of the susceptibility. Let us therefore focus on the up sector,
which is apparently massless but constrained to be in a par-
ticular topological sector. One can easily see that determina- Having found a situation with a gap that can be attributed
tion of the susceptibility amounts to to magnetic excitations and another massless degree of free-

) ) dom, one may wonder whether superconducting fluctuations
< ( dexa b ) > _ < ( JLan b )> (2.35 develop. Therefore we now briefly analyze the correlators of
X T X T . . .
0 0 the superconducting order parameter. In the presence of a

S ... _._magnetic field, the superconducting order parameter has four
For the free massless sector, the Hamiltonian in a finite s'zgomponents which read on the lattice:

L can be written in Fourier space for each topological sector

—i(<Q2>—<Q>2)—0 (2.39
X= 3L =0. :

D. Superconducting fluctuations

as(see for example Ref. 36 Ay p=Cys1aCx p- (2.40
v 1, ) m (1l 5 Forh=0, these components can be grouped in a tripdeid
Hi=5 go KA P-qPqtKA"0_qb4| T 5| £ Q™+KI?|,  asinglets. On the lattice, the correspondir@§=0 compo-
I (2.36 nents can be chosen as
whereQ andJ stand for the particle number and current zero A'{f‘gz Cx,1Cx+1, = Cx | Cxr1y - (2.4)
modes: In the continuum, using EqA1) this leads to the following
1 1 expression:
Q=—=d¢il5. I=—=0ls. _amikox ke, — a—ikp ik_x
N J Ais=e Yrith, (eFFIFe R+ ey g
and the summation ovey is for oscillatory modes. If the X (e *rixelkrn) + e KXy g (e RFIT @ RFY)
global constraint is not present, one has to sum over all pos- ik x e ik
sible values ofQ, i.e., one has to compute HeT Y (TR ). (2.42
1 1 2 In particular, for zero magnetic fields; =kg| =k and ne-
Y= — —Tr(exp(—BHL)QZ)—(—Tr(exp(—,BHL)Q)) ) glecting “2kg" terms, Egs.(2.42 reduce to the standard
BL\Z z (.37 ones(see for example Ref. 26
The local part(the oscillator modeésdecouples, and if the A= 20 sinke(dr b, T ¥R W), (2.43
constraint is not imposed we obtain the standard result :
P Ag=2 COSKE[ hr i | — Yr b 1(X)].
1/1 Q% For generaim, one finds instead
23 e sl )
1 Q2| |\ A~ —e T eog V(¢ — b)) —k-x),
‘(2% eXp(_B 2LK )Q)) ) .
i~
K A~ —e O Dsin(m( ¢y~ ¢))—k ). (249
= omy (2.39 ma

These expressions show that the correlators associated to the
If we now impose the global constraint &) due to the gap order parameterd; andAg decay exponentially, even in the
in the down sector as discussed above, all the sectors will bgartially massless plateau phases. Indeed, sinceSthed
exponentially suppressed, except the seQer(N+M)/2. components o\, ; are products of up and down degrees of
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freedom, it is sufficient that one of them is gapped in order toThe resultingp energy bands* (k) are illustrated in Fig. 2 of

lead to an exponential decay of the composite object. Ref. 30 forp=2 and in Fig. 2 of Ref. 15 fop=3 (note that
On the other hand, the diagonal components arén the latter case, the energywas plotted with the wrong
bosonized as sign which can be absorbed by shiftikgsk+ 7).
R : R In the sequel we first work out the simpler cgse 2 and
Aa,aNZ COt{k,:’a)e' \“4770a+e7'kF,a(1+2X)e' Vam(dot0,) then generalize t@23
+ elkF o1+ 2X) @ VAT(=dotb,) (2.45
A. Casep=2

where the dots include terms which méx with ¢, . It is

then clear that on a doping-dependent plateau, where onl

one of the fields is gapful, only one of the correlators

(Al A, decays exponentially, but the other exhiksils 0 ek N N

gebraicbehavior. In fact, all fields involving only the gapless ( trtte ) ( ak’l) "(k)( A1
- =€

In the dimerized case, the eigenvalue equati®:3) re-
uces to

spin component decay algebraically. In particular, the two- t+t'ek 0 ay, ay,
point correlator ofc, , also decays algebraically X, , ex- 3.4
hibits quasi-long-range order. The algebraic decay of the lat- 3.4

ter should therefore not be taken as a sign ofrpe gigenvalue problem E¢B.4) is solved readily, yielding
superconductivity, but is interesting nevertheless.

e (k)= = \t>+1t'2+2tt’ cosk,
. SMALL- U LIMIT

The previous section was dedicated to the bosonization L4 ft+te®
approach to thep-merized Hubbard chain in the small =T\ ok (3.5
p-merization limit. In the present section, we give a further
argument for doping dependent plateaus, valid in the Ulbw :
limit but at arbitraryp-merization strength. For the sake of 1_4 / t+te
simplicity, we will concentrate on the case of modulated a = t+t'e ik

hopping amplitude(x)=t’ for x a multiple ofp, otherwise
t(x)=t and constanfu(x) =, but the arguments can be The inverse of the transformation E®.1) is

generalized easily.
L4 ft+t'e ik
2 e\ (A i),
L & t+t’e T

First we diagonalize the Hamiltonian Ed..1) atU=0 by
1 L/p P (3-6)

a unitary transformation Cox+20=
dko="7 2 &2 aiCapijo 3.1 1 4 [t4tek
VL x=1 j=1 c _ 2 o ikx (de. —di )
2x+1,0 I—L " t+t,e,ik k,o k,o/*

In order for the kinetic part of the Hamiltonian E@L.1) to
take the form

Al

Eigenstatei;{kf[,}) of the free Hamiltoniard, are now writ-

p ten down by simply specifying the momem}’;\(, occupied in
Ho= 2> X e\kdihdk,, (3.2  the various bands. Now we treat the Coulomb repulsion
=1 o ' '
L
the coefficientsaﬁ j have to satisfy the following eigenvalue _
equation: Hi= UX; M, 1Mx,| 3.7
0 t 0 - 0 te in first order perturbation theory.
0 a To proceed further, we assume that none of the bands are
0 ;‘\'1 half filled. ThenH, has only diagonal term&.e., Umklapp
8y 2 scattering is absenhtvhich are readily evaluated #&denoting
IR = a0 )
0 t 0 t Y
. 8.p KM MH, [{k
t/e|k 0 0 t 0 <{ J,o’}l ||{ J,o’})
U _ _
ak = E<{kj}\0'}| 2 (nk,T + n;’T)(nk,’L + n;l)|{k?o}>
k,1 k,k’
as U U
— A : _ _ _ _
el - 33 = T(NTHEND(NT N = ZL(ny +n{)(n] +n]).
ay (3.9
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In the second line, we have defined the number of particleSettingn=1+n;+n; and fixing n;~0, we find in the

with spin o in band\ by NA=n}L/2.%° The densities have same way as before that

been normalized such that'=1 for a completely filled

band. n
Similarly, expectation values of the number operators he.=e"(m)—e ((n—1)m)+U __1>. (3.13

2§:1nm give L(n;+n;)/2. Putting everything together, ? z

we find the energy of the Hamiltonian Ed..1) to first order Using Egs.(3.13 and (3.1) we find that the width of the

in U as plateau at fixed\ is not affected by the on-site Coulomb

repulsion to first order ifJ:

U —_ -
E=; > MK )+ ZL(m +n{)(n +n)) )
% .

j,o 2

—hcl=2|t—t’|+O(U2). (3.1

" 4+ _ 4 h o This ensures the presence of a doping-dependent plateau
+toLn+np+n +np)—zLp+n=n =n).  with m=1-n in the low U limit. The absence of a first-
order correction irJ to the width in Eq(3.14) can be traced
(3.9  to the mean-field form Eq(3.9) of the matrix elements
Assume now that the “” bands are both partially filled. Of the on-site repulsiorH,. This in turn is due to the
Then Eq.(3.9) specializes to fact that|a;”| =1 for all k as can be seen from E(.5 and
is a manifestation of the symmetry between the lower and
1 o U upper band. Both the mean-field form of t_he interaction as
E/lL=-— >, f “ dke (k) + —nn + ﬁ(nﬁm) well as the absence of a first-order correction to the plateau
4w 5 ) n,x 4 2 width are special properties of the cgse 2, as will become
clear in the following discussion of the cape=3.

h
_Z(nT_nl)’ (3.10
B. Casep=3
wheren,=n, .*! Settingn=n;+n, and fixingn;~1, we  For generalp, the diagonalization Eq(3.3 is more
find from the condition that it does not require energy to flipcomplicated leading to the absence of explicit expressions
1 to | spins such as Eq(3.6). Nevertheless, we can still use unitarity of
the transformation Eq3.1) to formally invert it
n
he,=€ (m)—e ((n-1)m)+U 5—1). (3.1

1 §
cxpﬂ-,g:ﬁ; ; e aj M), . (3.15

On the other hand, if we consider the case of a completely

filled “ —,1"” band and partially filled “+,7” and *“ —,|”
bands, Eq(3.9 specializes as follows: First, we look at the transformation of number operators

_ AT N _ AT N
nX,O'_CX,O'CX,O'_)nk,O'_dk,o'dk,a"

1 o 1 (=

E/L=—fnT dke*(k)+—J dke™ (k)
21 (l—n?)w 2@ 0

X

1 p
2= 2 lag Pk, = nk,. (316
Pk =1 KA

1 ngm U
+— “(K)+ —(1+n]
wao dke™(K)+ - (1+n7)n, Here, we note thakEP_, |ay ;|*=p.

The diagonal terms of the interaction Eg.7) can now be
treated similarly as fop=2. Instead of Eq(3.8) one finds

+ﬁ(1+n*+n)—b(1+n+—n) (3.12
2 g I ' for generalp

U ! !
<{k?,a}|H||{k?,g}>=ﬁ<{k?,a}|2 |a>lz,j|2nﬁjk2 & 1Pk HKE D)
/’}\V

=1
Sl D SERN I NN (3.17
pL =1 PRy ki Y Kyt '

k?‘T occupied

I k’}‘l occupied

094406-8



EMERGENCE OF IRRATIONALITY: MAGNETIZATION . .. PHYSICAL REVIEW B63 094406

Next we pass to the thermodynamic limit which leads to
replacing sums by integrals. Due to E§.16), integrals and
differentials over densities can be replaced by integrals in
space. We work at a fixed particle numbgmwhich implies

Now we concentrate on the situation where all bands
<\ are completely occupied with up spins and those with
N>\ do not contain any up spins, thus generalizing the
reasoning of the previous section. The baxdis partially
occupied with down spins, those witH <\ are completely
filled with down spins, while those with’ >\ do not con-
tain any down spins. For a partially filled band let us
denote the range of occupied states| ky/,k/;]. FIG. 1. Value of the first-order correctio®, to the plateau
Then4lwe can generalize E¢8.10) to first order inU as ~ Width as given by Eq(3.26) for p=3 andn;=2.
follows:

Equations(3.22) and(3.24) imply that

M h
E/L=u+v+E(nﬁ-nl)—ﬁ(m—nl) (3.19 hcz_hCIZE?\oJrl(kzoJrl)_E)\O(ki\jo)+uo1+0(u2)
(3.29
with .
with
1 T k)\é ’ p
u=-—, > J dke(k)+ | v dk’ eho(k") N1 \
Zﬂp[)\g)\o — kxo OJ_ZW 1_21 (|ak§0+1’j|2_|ak§0’j|2)
T , A ’ ™ ’
+ f dk’e* (k') (3.20 X kg°dk’|az9_|2+ > J dk'|a}, |2 |.
Nny T k:‘o i Nang J o !

and (3.26

U p ” Q6 N Generally, the first-order contribution does not vanir

= A2 udk'la® |? >2). It can be estimated as
v 4W2p3[j21 KEXO fﬁwdeak,,I (L%dk 2, | p>2)
l 1 > ko A
T N |():|.|$ 27Tp2 Zl p( f}\u, dk,|ak?’j|2
+ > f dk’|ak,’j|2) : (3.21) ! k°
N<ng T
. . . E g dkr N 2 _ni
This yields for the lower boundary of the associated plateau T2 a1 | = o (3.27
N<hg o

he,= o(K}0) — éx(”(kﬁo)JrU(?\o)JrO(Uz) (3.22  which shows that in principle it can be of order one.

with In general, it is not difficult to evaluate the first-order

contribution Eq.(3.26 to the plateau width numerically. We
will illustrate this now forp=3. First notice that, for the

U P k)\é )\’ _ . . . .
U= a’, |2 f udk’[a’® |2 casep=3, the contribution from the kinetic energy can be
) 27Tp2[j21| ku~1| ( o 3 readily evaluated as
|
\/8t2+t’z—3t’
™ ’ 3 _ 2 — 2 _ A — -

S f a2 €3(0)— €(0) = €¥(m) — () 5 :

N<ng T (3.28

p - N Now we fixn, =2, i.e., the lowest two bands of up electrons
-> > J dkak?a . [2l. (3.23  are completely filled. Then one has thdi=k?=0 in Eq.
=1 A=Sho Jom K, (3.26). Numerical diagonalization of E43.3) and evaluation
of the remaining integrals in E¢3.26 then leads to Fig. 1.
Note that in the conventions of the other sectignwbere 0
gt TRy . =n=<2) this corresponds to the plateau with=4/3—n.
he,=€*0" (K" 7) = €'o(k ©) +U(No+1) +O(U?). The numerical data satisf®;— —0; asn;—3—n,. This
(3.29 implies in particular that the values &f; can be both posi-

For the corresponding upper boundary one finds
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2) 2 2) 2
1.5 1.5
h/t 1 h/t 1
0.5 0.5
0
-1.5
b) b) °
1.5 1.5
h/t 1 h/t 1
05T 0.5
-1.5 -1.5

FIG. 2. Ground state phase diagram of the dimerized chain (  FIG. 3. Ground state phase diagram of the trimerized chain (

=2) with U=3t, t'=0.7. In (a) the lines are folL.=6 (dotted, =3) with U=3t, t'=0.7. In (a) the lines are folL=9 (dashed
L=10 (dashey, and L =14 (full) while in (b) they are forL=8 and L=15 (full) while in (b) they are forL=6 (dotted, L=12
(dotted, L=12 (dashed, andL =16 (full). (dashed, and L=18 (full). Note that theL=18 data in(b) are

incomplete fom>2/3 (e.g., onlym=1/3 forn=1).
tive and negative, corresponding to an enhancement or re-
duction of the plateau width, respectively. Furthermore, for
t—0 andn <1, the linear behavior of Eq3.27) is repro- Computations have been performed mainly for one choice
duced, although with a coefficient which is 1/6, i.e., by aof parameters due to the large number of sectors for which
factor of 2 smaller than in the estimate. The maximal valueshe ground state energy had to be foufior p=2 andL

A. Ground state phase diagrams

attained are+1/6 forn —1 or 2, respectively, ant—0. =16 of the order of 19 sector$. Keeping Eq.(2.16) in
This shows that the doping-dependent plateaus should hmind, we have chosen the parameters 3t andt’=0.7 in
stable features fop=3 as well. order to look at a situation sufficiently different from the

We conclude this section by noting that the calculationdimiting cases discussed before, i.e., both intermeditde
are also valid for the on-site-merized energy. The free strong, as compared to the bandwidtn-site repulsiorl)
HamiltonianH to be diagonalized is modified, but the con- and intermediate’/t.

clusions remain qualitatively unchanged. For the interpretation of our Lanczos results to be pre-
sented below, it is useful to remember the following conse-
IV. LANCZOS DIAGONALIZATION quences of particle-hole symmetry on a finite size lattsse

Refs. 22 and 42 and references thereffor L even, the

Finally, we have performed Lanczos diagonalizations ofground state phase diagram of the Hubbard chain with peri-
the Hamiltonian Eq(1.1) for p=2 andp=3 with constant odic boundary conditions is symmetric underC =0 — u
m(X)=pu and periodic boundary conditions on finite lattices (with our conventions while for L odd the particle-hole
in order to further support the previous results. The particleéransformation interchanges periodic and antiperiodic bound-
numbersn; andn; have been used as quantum numbers andry conditions.
translational symmetry was exploited. Furthermore, reflec- Our numerical results for the ground state phase diagram
tion symmetry was exploited fdt=0,7r and spin inversion are shown in Figs. 2 and 3 f@r=2 andp=3, respectively.
forn;=n,. The polygons in the figures denote regions in theh)
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plane where the ground state has a fixed fillmgnd mag- For p=2, one can quite clearly recognize the fully
netizationm at the given system size (those values ofn  gapped situations atn(m)=(1,0), (1,1), (1/2,1/2) and
andn which are common to all investigated system sizes ar¢0,0) from the finitek data shown in Fig. 2. Also the charge
indicated in the figurés The ground state phase diagramsgap at half filling (=1) is obvious. The most interesting
are symmetric under spin inversiom{—m when h—  region is the doping-dependent plateau witk 1 —n which
—h) and as mentioned before, for evénalso under a IS a stable feature in Fig.(@, but less clear in Fig. (8).
particle-hole transformationn(~2—n whenu— —U — u). Still, in the latter case the region of stability of states with
Therefore, for everL we show only the quadrant with =~ M=1—n can be seen to increase with increasing system
=-U/2, h=0, and for oddL only the region withh=0. size, thus supporting the presence of a gap. Just the charge
The schematic ground state phase diagrams in Ref. 18ap at quarter fillingig=1/2) is not distinct in this numerical
were in fact based on parts of these results and the readgta, however it is known to be small for these paramefers.
may wish to use them as a guide to the diagrams at finite The casep=3 is shown in Fig. 3. There is clear evidence
size. for the expected fully gapped situatiofthe labeled regions
We note that for the saturated case=0 (and by in the figure as well as the charge gap at half filling. There
particle-hole symmetry also far, =1), the Coulomb repul- S also evidence for the charge gamat2/3 and the equiva-
sion is not effective and the noninteracting residt (k) ~ lent casen=4/3, just the charge gap at=1/3,5/3 is again
given by Eq.(3.5) for p=2] can be used to determine the o_hfﬂqult to see. AIs_o the expected doplng-depe_nden_t magne-
transitions between different particle numbers. Completdization plateau witm=|n—2/3 can be recognized in Fig.
agreement between this analytical computation and the coR(@- By particle-hole symmetry, the plateau with=|4/3
responding numerical results in Figs. 2 and 3 is found. This~N| must be present as well though it is more difficult to
also guides the interpretation of the finite-size data since ifecognize. The finite-size behavior of its stability region in
follows in particular that the completely gapped situations afFig- 3@ [and of both plateaus in the case of Figb)3 can
saturation are those withne Z in the thermodynamic limit. again be taken as an indication that it will indeed be present
Such a guide is useful since the fermions behave differentlyn the thermodynamic limit.
for even and odd particle numbers, thus yielding nonmono-
tonic finite-size effects which can be still strong for the small
systems sizes considered here. In the particular case of the Having also provided numerical evidence for the exis-
gapped states withne Z atm=n (or m=2—n), the corre- tence of doping-dependent magnetization plateaus, we now
sponding ground state always has an even number of fermpresent a few numerical results for correlation functions at
ons wherL/p is even while cases with an odd number occurp=2.
whenL/p is odd. This leads to vanishing finite-size effects Is technically useful to consider only objects which re-
for the transition lines in the former case, but not always inspect the decomposition of the Hilbert space according to
the latter. Since even and oddp behave differently, we symmetries of the Hamiltonian. We therefore define averages
show separate figures for the two cases. of an operato, as

B. Correlation functions

1 L
Tl o] 2 Aglgo(k)) - fork=0.m,
Xo=

(A= 1 L 4.7
Sl (k)| 2 (A +A) (k) ) fork=0,m,
2L Xo=1 0 0
|
where | o(k)) is the ground state with momentuka An Numerical results for correlation functions on an-18

additional advantage of this definition is that oscillationssystem at the plateau witth=1—n are shown in Fig. 4.
originating from the modulation of(x) are smoothed by Characteristic oscillations are observed in the density-density
taking averages of the up =2 correlation functions at a and electron-electron correlation functions. This and the fi-

given distance. nite system size make a detailed analysis of the asymptotics

The connected correlation function of two quantitiés difficult. Nevertheless, one observes that correlation func-

andB is defined as tions containing up electrons decay faster than the corre-
sponding ones containing only down electroftise latter

Cas(Xx) :(A:{OHBXO) —<A)’EO><BXO>, (4.2 may still be smaller in absolute value due to a smaller overall

prefactoy. In fact, all correlation functions shown in Fig. 4
Of particular interest are the diagonal components of the suare very similar to those obtained in the noninteracting situ-
perconducting order parameter HG.40 since quasi-long- ation (U=0) at the samé.. We therefore interpret our re-
range order is expected for one of them. sults as support for exponential decay of all correlation func-
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001 [ e ' ' ' ' ' i 7 the superconducting order parameter in those cases where
r only one of the conditions Ed1.2) is satisfied.
In Ref. 15 it has been pointed out that the fully gapped
situations can be most easily understood in the lirhit O
(the same argument applies also & =x). Then the chain
effectively decomposes into clusters pkites, whose mag-
netization curves are obviously staircase-like. The charge
gap atpneZ can also be understood in the limit bf<t
(éu>u), one just needs to generalize the mapping of a
quarter-filled dimerized chain to an effective half-filled ho-
mogeneous chaifl to m#0 and commensurate filling at
generalp. Finally, this mapping can also be adapted to pro-
c) vide a further complementary argument for the existence of
-0.01 E the doping-dependent magnetization plateaus. Again, to first
order int’, an effective Hamiltonian can be found in the
0001 [T regime of strongp-merization, i.e., in the limit’<t,U (re-
’ e spectively,su>t,U) for the case of modulation of the hop-
— L ping amplitude(respectively, of the on-site enengyhen
only one of the conditions Eq(l.2) is satisfied, which
amounts to a condition on the filling of spin-up or spin-down
FIG. 4. Correlation functions for the dimerized chaip=2) bands, this effective Hamiltonian acquires a gap in the spin
with U=3t, t'=0.7t at L=18, n=2/3, andm=1/3. Panel(@  sector, thus leading to a doping-dependent magnetization
shows density-density correlatio@laynﬁ(x), panel (b) electron-  plateau.
electron correlationﬁ:cavcﬁ(x), and panel superconducting cor- We would like to emphasize that such irrational plateaus
relationsCAM,AﬁB(x). The symbols are for=8=1 (boxes, « are not present in systems where the doping is not fixed.
=p=| (filed diamond$, and a=1, B=] (X); the lines are Moreover, due to the remaining massless mode on such a
guides to the eye. plateau, the thermodynamical behavior of the system retains
some particularities of a gapless system, such as a specific
tions containing] operators and power-law decay for those heat vanishing linearly &6— 0. An important feature is that
containing only| operators, as is expected according to thethe value of the magnetizatian on the plateaus at fixed
analysis of Sec. II. In particular, these numerical results arélepends continuously on dopimg Analogous situatigﬁ_g'”
compatible with quasi-long-range order i, , on them  encourage us to believe that this scenario is generic in doped
=1-n plateau. systems. Doping could therefore be used as a tool to study
experimentally irrational plateaus in systems whose half-
filled parent compounds exhibit plateaus only at prohibi-
tively high magnetic fields. A natural candidate are ladders
We have shown that Hubbard chains with periodic hopsystem§,4 where doping can indeed be controlled. Theoreti-
ping or on-site energy present a rich structure of magnetizacal results on doping-dependent magnetization plateaus in
tion plateaus. More precisely, for a periodicitywe obtain Hubbard ladders will be reported elsewhgte.
the conditions Eq(1.2) for the appearance of the plateaus. If ~ There are also natural problems for further study in the
both conditions are simultaneously satisfied, both spin angase of modulated chains. For example, the [asgémit of
charge degrees of freedom are massive. When the combintée Hubbard model leads to the] model. As a check of the
tion pne Z of these two conditions is satisfied, a charge gapgdenerality of our results, one could therefore investigate the
opens irrespective of the value of Finally, if just one of t-J model, which at half filling would then be exactly the
the conditions Eq(1.2) is satisfied, a magnetization plateau Situation studied in Ref. 6. Due to the reduced Hilbert space,
appearsif the total filling n remains fixed. This result has thet-J model would be particularly well suited for further
been shown first by means of bosonization techniques, valifumerical checks. Another problem to be addressed is the
in the regime where the differences in the modulation ampliuniversality class of the transitions associated to the corners
tudess in Eq. (2.15 and 8 in Eq. (2.20 are small and for  of a plateau. In the case of the BA solvable moet was
arbitrary values ofJ. We have then shown that these resultsfound that the presence of a massless mode on a doping-
are confirmed by standard quantum mechanical argumengiependent plateau may modify the universality class of part
valid for small U and arbitraryp-merization strength and Of these transitions—a fact that would also be interesting to
provided an expression for the width of the plateau to firstnvestigate in the present model.
order in U. We finally showed explicitly such plateaus in
finite size systems by means of Lanczos diagonalization.
The combination of a gap, which can be attributed to the
spin degrees of freedom and gaple&harge modes, We acknowledge useful discussions with P. Degiovanni,
prompted us to look for superconducting correlations. In-B. Dougt, M. Fabrizio, E. Fradkin, H. Frahm, A. Izergin, F.
deed, we found quasi-long-range order in one component d¥lila, T. M. Rice, and C. Sobiella. This work has been done
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APPENDIX A: CONVENTIONS

In this short Appendix, we define our conventions and

notations. The continuum fermion operators read

l//a(x):eiikF'aX(ﬂR,a(X)_’_eikF'ax¢L,a(X)! (Al)
gL =e eyl 0 +e Yl (). (A2)
Using standard bosonization rules we have
o(X)= eV ImtRa N 4 A3
I W(X)= ! e ATy (A4)
“ V2ma ,

wherea is the lattice constant angl | , are the chiral com-
ponents of two real bosonic fields

P a(X) = R o(X) T P 4(X), (A5)
whose dual fields are defined by
0a(x): d)R,a(X)_ ¢L,a(x)' (AG)

The dots in Eqs(A3) and(A4) stand for higher order terms,

due to the curvature of the dispersion relation, which are
discussed in Appendix B. The up and down Fermi momenta

are related to filling and magnetization:

k k|: T+k':l N, k,=k|:’T—k,:’l=7Tm, (A?)
where
1 2 1
— — Z\ _ _
_L<X,a nx,a>i L<g Sx> L<% nX,T nX,l>’
(A8)
nx,a:CI,aCX,a and L is the number of sites. Note that our

definition of m (which is the one used for théXZ chains in
Ref. 4 differs by a factor of 2 from the one of Frahm and
Korepin?®

APPENDIX B: FERMION FIELD OPERATOR

In this Appendix we discuss the bosonization of the fer-
mion operator in the Hubbard model in a magnetic field
starting from the exact BA solution. According to Frahm and

eXp(—IZD k,:TX)eX[:{—I(D +DS)kFlX]

r (x—ivg T)ZAC(X-HU )% (X—ivs T)ZAs(x+|v T

)28 ’
(B1)

where the scaling dimensiorztgfS are given by

2
) N
ZeANg—Z AN\ 2
2detZ

ANC,S,DC,S,th,s are the quantum numbers characterizing the
low energy excitationsAN. and ANy are integers denoting
the number of electrons and down spins with respect to the
ground state and are fixed by the correlator under consider-
ation. The summation runs over all integers or half integers
D. s (depending on the parity afN.,ANs) and on positive
integersN; ,N; .

By analyzing the leading contributions to the fermion
two-point correlator, one can write down, after some algebra,
the bosonized fermion operator

ZsANc—Z AN
2detz

*
C

2A§:(ZCCDC+ ZsDg*+
(B2

+NZ

s -

(B3)

2A; = ( Z.D.A+ZDs*

= e ke xgl \e“ﬂtﬁm(x)(rl_,_ I’ze_iZKFTXei Tz,
+ 14/ 2KeXe T IVATS) -t o7 12Kk Xl VAT,

-

_'_eik,:lxefi\fﬂq},_l(x)“l+|zei2kFTxe7i\fﬂ¢T

+r5e—i2k+xei\fﬁ(¢T+¢l)+ N

+1 407 12Ke X ETH) 4| 0i2ke Xg~ VAT,

ok

+1geiZkixgmiVAT(d T b)) (B4)
wherer;,l; are unknown numerical constants. Notice that at
U=0, h=0 all these constants vanish excepi=I,
=1/y2ma. At h=0, the scaling dimensions of the different
contributions in Eq(B4) are known from BA for arbitrary
repulsionU and densityn# 1. It follows that it is sufficient

to retain only the following terms:

e ik Xgi “4—”¢Ri(x)(rl+ re 12K Xgi Fad,

-

+ eikFiXe*i\fﬂ¢L1(X)(| 1+ ZeiZkFTxefi\e‘ﬂqﬁT

.

o=

+raeiZkeiXe VAT 4

+1ge 1 2eXg ATy (B5)

The expression foyy, can be easily obtained by exchanging
| and 7, with the numerical constants generically different.

Korepir??, the long-distance asymptotics of zero-temperature Using this expression foys, and ¢, , one obtains
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¥y, = const, g, +const, |
+2r 4] sin(2kg x— 47 )

—2(rylg+rgly)sin 2k _x—A4m(d;— )]+ . ..
(B6)
and

;= const, g, + constyd ;
+2r 11} sin(2kg x— 47 )
+2(r Iyl sin 2k, x—VAm(¢;+ ¢))]
+2(r i1+ ral)sif 2k x—am(d— )]+ .. .,

(B7)

where we assumed the constants to be real. Otherwise,
the only modification would consist in shifts of the argu-

PHYSICAL REVIEW B3 094406

Si 2k, x—Va4m(p;+ )]+ ... . (B8)
Substituting finally Eq(2.9), one obtains Eq(2.14).

Similarly, the difference of Eq¥B6) and (B7) yields the
S operator:

2S*= gl — ip = const(dy— b)) +4r4l,
X cog Ky X— (i + b)) ]sik x—\m(¢y— )]

—4(rylg+raly)sin2k_x—Vam(p,— )]+ ... .
(B9)

Notice the last term in thé&* operator. In the usual treat-
ments(see for example Ref. 26this term does not appear.
As it is obvious from Eq(B9), this term would be absent if
we retain only the first two terms in E¢B5) or if r;=1, and
r3: - | 3-

The assumptions on the constanisl; ,r

!
i

I to be real

ments of the sines or cosines by unknown constant phasetnd equal for up and down fields are supported by operator
Now, assuming the constants to be equal for up and dowRreduct expansion computations of the original free fermion

fields, and adding EqsB6) and (B7) we obtain for the
bosonized density operator

p= 4yl + gl =consty( b+ b))
+ar,ly sink x— (¢ +¢))]
X cogk_x—7r(d1— )]+ 4(rlo+1,ly)

operator with the perturbing Umklapp operator of the Hub-
bard Hamiltonian

cog 2k, x—JAm(¢+ )], (B10)

These computations also show that, at lowest order, the con-
stantsr,,rs,l,,l5 are linear inU.
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2.1.3 Le role des impuretés dans la courbe d’aimantation

Comme nous 'avons évoqué dans les sections précédentes, on dispose a ’heure
actuelle d’une quantité considérable de résultats pour les systémes fortement
corrélés en une dimension. La raison clé de cette richesse repose sur le fait que
beaucoup de ces systémes sont intégrables. Par ailleurs, les méthodes d’ansatz
de Bethe sont ensuite relayées par des théories de champs que 'on controle trés
bien et qui nous permettent de faire de nombreuses prédictions que 'on peut
confronter aux résultats expérimentaux. Cela dit, pour cette confrontation avec
la réalité expérimentale, nous devons nous poser la question de la "robustesse" de
tels résultats vis-a-vis de la présence d’impuretés. Cette question est d’autant plus
pertinente que les systémes que nous considérons sont uni-dimensionnels. Or, on
connait bien des exemples ot le désordre provoque des changements considérables
dans des systémes quantiques en basses dimensions. L’exemple qui vient tout
de suite a l'esprit est la théorie de la localisation d’Anderson. Considérons des
particules sans interaction en une dimension. La moindre présence de désordre,
pour plus faible qu’elle soit, aura comme effet une localisation de tous 2 les états
du systéme. En 1-D, la présence d’interactions entre particules ne change pas
en général ce résultat. Il est donc important de voir ce que deviennent tous les
résultats que nous avons énoncés jusqu’a présent quand on considére la présence
d’impuretés.

Pour les chaines de spins 1/2 en champ magnétique nul, le résultat le plus
remarquable a été obtenu par D. Fisher [1]. En utilisant une procédure de re-
normalisation en espace réel -proposée auparavant par Dasgupta et Ma-, Fisher
a obtenu des résultats assymptotiquement exacts dans la limite de taille infinie
et trés basse température. Considérons une chaine X X7 de spins 1/2 avec des
couplages entre premiers voisins aléatoires :

H = Z Ji (Szw z‘x+1 + Szysiyﬂ + AS7 iZ+1> (20)

ot A > —1/2 et J; > 0 est une variable aléatoire dont la distribution de proba-
bilité est supposée assez large. Cette derniére supposition est faite pour garantir
que la procédure de décimation qui est appliquée soit une bonne approximation.
Nous ne donnons pas les détails techniques qui peuvent étre trouvés dans I’article
de Fisher et nous bornons & commenter les résultats obtenus. Le comportement
a grandes échelles de ce systéme est donné par une phase de ’singulets aléatoi-
res’, ou 'on peut considérer que chaque spin est couplé avec un autre spin pour
former un singulet. Cet autre spin se trouve cependant a une distance qui peut
étre trés grande, et entre ces deux spins formant un singulet nous pouvons avoir
plusieurs paires de spins, plus rapprochés spatialement, formant eux aussi des

20n connait des cas particuliers de désordre en une dimension oii certains états sont non
localisés, mais ceux-ci correspondent & un nombre fini de points dans le continu de ’espace des
états.

25



singulets. Ces singulets de longue portée’ sont cependant trés rares, et la plupart
des spins vont étre corrélés avec un spin qui leur est trés proche. La majorité des
spins a donc des corrélations a courte portée, ce qui se traduit par le fait que si
on considére la fonction de corrélation spin-spin typique on a une décroissance
assez rapide avec la distance :

< SESE >typiquer € VI (21)

Si on veut maintenant étudier la moyenne d’une fonction de corrélation, qui
sont celles auquelles on aura accés par une mesure de diffusion de neutrons, les
singulets formés & trés grandes distances -certes rares mais toujours possibles-
vont dominer la moyenne pour les grandes distances et nous aurons donc un
comportement tout a fait différent pour la fonction de corrélation moyenne :

TS i |2
< 878 >~ i —j| (22)

Cette différence notable entre valeurs typiques et moyennes nous montre que la
loi de distribution pour les fonctions de corrélations est non-triviale et refléte
la richesse de cette phase de singulets aléatoires de ces systémes de spins avec
désordre.

Ces résultats se traduisent aussi par un comportement particulier dans les
propriétés d’aimantation. Du fait qu'une proportion non-négligeable de spins se
trouvent liés & leur environnement avec un couplage trés faible, la susceptibilité
magnétique en fonction du champ H appliqué diverge pour H — 0 (alors qu’elle
tend vers une constante dans le cas pur) :

(23)

Ce résultat implique bien sur que la courbe d’aimantation est de pente infinie
pour H — 0.

A la lumiére de ces résultats, il est intéressant de voir 'effet des impuretés sur
les plateaux dans les courbes d’aimantation que nous avons discutées antérieu-
rement. Nous allons pour cela considérer le cas le plus simple de plateau : celui
présent & M = 0 dans la chaine X X7 dimérisée. La méthode utilisée par Fisher
a été appliquée aussi a la chaine dimérisée et nous montre que le gap (et donc le
plateau & M = 0) disparait et donne lieu a un comportement de la susceptibilité
magnétique [2] :

\(H) ~ Ho! (24)

a est un exposant non-universel qui dépend du détail de la quantité de diméri-
sation et de désordre (typiquement la largeur de la distribution de probabilité
des liens), et peut avoir des valeurs aussi bien supérieures que inférieures a 1. Ce
résultat peut aussi étre obtenu pour la chaine XY dans la cadre d’une descrip-
tion en termes de particules sans interactions localisées dont le comportement
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universel de la densité d’états peut étre obtenu de facon simple, comme nous
le montrons dans le premier article que nous présentons dans cette section. Il
nous montre que la susceptibilité magnétique peut diverger ou tendre vers 0 pour
H — 0, mais dans tous les cas le plateau a disparu : le gap est peuplé par des
états créés par le désordre. Cet effet n’est pas spécifique du plateau a M = 0 de
la chaine dimérisée : de facon générale, si 'on considére une distribution de pro-
babilité continue pour les liens formant une chaine ou échelle, tous les plateaux
qui étaient présents dans le cas pur, y compris ceux a M # 0, disparaissent.

Il existe cependant un certain type de distribution de probabilité qui produit
un comportement intéressant dans la courbe d’aimantation. Ce type de désordre
peut modéliser 'effet du dopage dans divers oxydes de cuivre et correspond a une
loi de distribution discréte pour les liens. Imaginons en effet que nous écrivions
le Hamiltonien d’une chaine avec des liens aléatoires dont la distribution a une
périodicité de ¢ sites :

P(J;) =pd(J; = J) + (1 = p)d(Ji — Jo — i) (25)

ou v; = —v () si i = gn (# gn). Comme nous le montrons dans les articles qui
suivent, les résultats pour H — 0 ont leur transcription pour les divers cas, avec
un comportement du type (23) pour ¢ impair et (24) pour ¢ pair. Le résultat le
plus remarquable est cependant obtenu en applicant la procédure de décimation
en champ H non nul, qui nous dit que des 'pseudo-plateaux’ vont apparaitre pour
certaines valeurs de 'aimantation. En effet, pour (voir figure (2)) :

2(1—p)
q

M=1- (26)
la courbe d’aimantation présente un plateau principal suivit de plateaux plus
petits a des valeurs précises que 'on peut retrouver dans le premier article.

Le deuxiéme article généralise ce résultat au cas ou le désordre ne correspond
pas a des impuretés de liens mais de sites. Nous avons fait une classification
extensive des divers cas possibles, en fonction des parameétres microscopiques et
du type d’impuretés présentes. Nous pouvons citer comme exemple le cas du
dopage par du S7 dans du CuGeQs, pour lequel nous pouvons espérer un plateau

pour :
M=1-p (27)

p étant la densité de dopants, mais le tableau I du deuxiéme article ainsi que
les divers résultats présentés dans le texte constituent une classification qui nous
donne une grand pouvoir prédictif face & une situation expérimentale précise une
fois comprise la nature du dopage, ou des impuretés présentes dans le matériau. Il
est remarquable que grace a la courbe d’aimantation nous puissions identifier de
facon systématique la présence d’impuretés, et leur concentration. On remarque
en plus que celles-ci jouent un réle similaire a celui des degrés de liberté de charge,
en déplacant les plateaux et en les rendant éventuellement plus accessibles dans
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FiG. 2 — Courbe d’aimantation pour une chaine dimérisée avec un désordre binaire
pour différentes concentrations d’impuretés. Ce désordre sert & interpoler entre
le cas pur dimérisé et le cas pur non dimérisé, dont les courbes sont représentées
en pointillé.

le cas des oxydes de cuivre ou les champs magnétiques requis pour obtenir des
valeurs d’aimantation non-négligeables sont d’une grandeur considérable.
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The magnetization behavior of g-periodic antiferromagnetic spin-1/2 Heisenberg chains under uniform
magnetic fields is investigated in a background of disorder exchange distributions. By means of both real
space decimation procedures and numerical diagonalizations in XX chains, it is found that for binary
disorder the magnetization exhibits wide plateaus at values of 1 + 2(p — 1)/g, where p is the disorder
strength. In contrast, no spin gaps are observed in the presence of continuous exchange distributions.
We also study the magnetic susceptibility at low magnetic fields.

PACS numbers: 75.10.Jm, 75.10.Nr, 75.60.E;j

The study of low dimensional antiferromagnets has
received much renewed attention largely owing to the
synthesis of ladder materials [1]. One particular issue
that captured both experimental and theoretical efforts
in the past few years is the appearance of magnetization
plateaus, i.e., massive spin excitations in the magneti-
zation curve. In general, the latter are quite robust and
for pure spin systems appear at rational magnetization
values [2—4]. More recently, some experiments have
indeed confirmed these theoretical predictions in a few
particular cases [5] but some issues yet remain unre-
solved [6].

In order to make closer contact with experiments, one
has to take into account the disorder that is almost in-
evitably present due to lattice imperfections and magnetic
doping. A relevant question related to the appearance of
magnetization plateaus is whether they are robust in the
presence of quenched disorder. As a first step in this di-
rection, in this paper we analyze the effect of a disordered
distribution of exchange couplings with a periodically
modulated mean on the magnetic behavior of an XXZ
antiferromagnetic chain. Both even [7] and odd [8]
modulations are known to exist and are ultimately respon-
sible for the structure of the magnetization curve [2,3,9].
g-merized XX chains have also been studied in [10] using
a Jordan-Wigner transformation.

By means of a decimation procedure similar to that used
in [11,12] we argue that plateaus in the magnetization
curve appear at specific magnetization values m which de-
pend both on the couplings periodicity g and the strength of
the disorder p. Hence disorder, instead of removing com-
pletely the plateau structure, shifts the position of certain
plateaus in a precise way which depends on the disorder
strength. Surprisingly, as we shall see from our numerical
evidence, the plateaus predicted via this simple argument
are indeed present. Moreover, they are rather wide and
therefore could be eventually observable in low tempera-
ture experiments which in turn would allow for a precise
determination of the disorder degree.

0031-9007/00/85(22)/4791(4)$15.00

By extending the methods of [13], we also investigate
the characteristics of the magnetic susceptibility at low
fields. Its behavior shows an interesting even-odd effect,
similar to that found in the study of disordered XX N-leg
ladders [14]. In fact, for ¢ odd we find the same kind
of divergence as for the homogeneously disordered case
(g = 1) [13], namely,

1
o« 1
Xo " HIn(H2)P M
whereas the even g modulations yield a generic nonuni-
versal power law behavior as in [15,16] for g = 2,

X. < H* ™, 2)

where we give an analytic expression for « for arbitrary
q. In principle, these results should emerge from experi-
mental susceptibility measurements in disordered low di-
mensional compounds.

In what follows we focus attention on the occurrence
conditions of zero temperature plateaus in a random g-
merized XXZ spin-1/2 chain whose Hamiltonian is

H= Z]i(Sf Yo SiSia + ASESH). (3

where J; are randomly distributed bonds. Specifically,
let us consider a binary distribution of strength p (p =
0 corresponds to the pure g-merized case, while p = 1
corresponds to the uniform chain),

P(J;) = pd(J; = J) + (1 = p)dU;i — Jo — viJ),

4)
where y; =y (=) if i = ¢gn (i # gn), along with
a Gaussian disorder P(J;) « exp(—%) and a log-

normal distribution given in terms of W; = In(J;) and

(W, —w,)? C
P(W;) = exp(——5==). All of these distributions,

taken with same mean and variance, are built to enforce
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g-merization, whose value is measured on average by yJ.
In what follows we assume that J’ is the smallest coupling
and consider 0 < y < Jy/J.

(a) Decimation procedure.—Here we follow the argu-
ments used by Fisher in [12]. The procedure is roughly to
decimate the strongest bonds up to an energy scale given
by the temperature. The remaining spins can be considered
as free, and each of them will then give rise to a Curie be-
havior in the magnetic susceptibility.

In our problem (which is at 7 = 0) the energy scale is
provided by the magnetic field, and, in order to compute
the magnetization, decimation has to be stopped at an en-
ergy scale of the order of the magnetic field. We assume
that all spins coupled by bonds stronger than the magnetic
field form singlets and do not contribute to the magneti-
zation, whereas spins coupled by weaker bonds are com-
pletely polarized. The magnetization is thus proportional
to the fraction of remaining spins at the step where we
stop decimation. Our argument happens to apply well to
the binary distribution, provided the energy scales of the
involved exchanges are well separated.

(b) Plateaus in g-merized chains.—Let us first con-
sider the case ¢ = 2 and assume we start at high enough
magnetic field, such that all spins are polarized (satura-
tion, m = 1) and begin decreasing the magnetic field. The
magnetization stays constant for a while, then decreases
abruptly at 7 ~ Jy + vyJ and after that a plateau occurs at
m = p. This can be easily understood: at h ~ Jo + yJ
we can decimate all of the strongest bonds Jy + yJ (the
corresponding spin pairs form singlets and do not con-
tribute), and the number of remaining (completely polar-
ized) spins is N — 2 X (I — p)N/2 = pN. Here, the
factor of 2 comes from the removal of two spins each
time we decimate a bond. Hence, the first plateau oc-
curs at m = p. The appearance of this spin gap is due
to the fact that the remaining strongest bonds have values
Jo — yJ [17], and all spins left from the first step of deci-
mation remain polarized (and the magnetization constant)
until the magnetic field decreases to h ~ Jo — yJ. At
this point the magnetization again decreases abruptly and
a second plateau occurs. The abrupt change corresponds
to the decimation of bonds Jy — yJ which leaves us with
N-2X(1- P)% -2X(1 - p)%p2 completely po-
larized bonds. The plateau occurs then at magnetization
m=p — p*+ p* The term (1 — p)3 p? comes from
the bonds Jy — yJ which, having a J’ bond at each side,
were not decimated in the first step and thus is the num-
ber of bonds actually decimated at the second step. Ev-
idently, for ¢ > 2 we can follow the same reasoning.
Thus, the number of spins which yield finite contribu-
tions to the total magnetization at h ~ Jo + yJ is simply
N — 2 X (1 — p)N/q. Hence, we find the first plateau at

m=1+%(p—1). (5)
q

Notice that this result locates correctly the spin gaps ap-
pearing in a pure g-merized chain (p = 0). In this sense,
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Eq. (5) provides an extension of this latter case [9] in the
presence of binary disorder. Since the decimation proce-
dure applies for generic XXZ chains [12], we conclude that
the emergence of the plateaus predicted in (5) is a generic
feature, at least with the anisotropy parameter |A| < 1. It
is straightforward to generalize this analysis to the case
of an arbitrary but discrete probability distribution. Given
a finite difference between the highest values of the cou-
plings in the nonequivalent sites, one can predict the pres-
ence and position of the plateaus.

To enable an independent check of these assertions, we
turn to a numerical diagonalization of the Hamiltonian
(3), contenting ourselves with the analysis of the subcase
A = 0. This allows us to explore rather long chains, using
a fair number of disorder realizations. In Figs. 1(a)—1(c)
we show, respectively, the whole magnetization curves ob-
tained for ¢ = 2, 3, and 4 after averaging over 100 samples
of L =5 X 10* sites under the exchange disorder (4).

h/J

FIG. 1. Magnetization curves of modulated XX spin chains
with ¢ = 2 (a), 3 (b), and 4 (c), immersed in disordered binary
backgrounds of strength p. The solid lines represent averages
over 100 samples with 5 X 10* sites, J//Jy = 0.2,vJ = 0.5,
and p = 0.2, 0.4, 0.6, and 0.8 in ascending order. The leftmost
and rightmost dotted lines denote, respectively, the pure uni-
form and pure modulated cases p = 1 and p = 0.
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It can be readily verified that this set of robust plateaus
emerges quite precisely at the critical magnetizations given
by Eq. (5). The secondary plateaus, though narrower, are
still visible in Fig. 1.

It is important to stress that the derivation of our re-
sults for the quantization conditions derived above relies
strongly on the discreteness of the probability distribu-
tion and would not be applicable to an arbitrary continu-
ous exchange disorder. In fact, for the Gaussian case
referred to above it turns out that no traces of plateaus can
be observed. Furthermore, the magnetic susceptibility in
the Gaussian case vanishes asymptotically only when ap-
proaching the saturation regime, as can be seen in Fig. 2,
for a variety of coupling periodicities. Here, the sampling
was improved up to 5 X 10* realizations though the length
of the chain was reduced to L = 1500 sites, as the CPU
time per spectrum grows as L.

1.2 T 1 I 1 1 1

0.6

1.2

0.6

1.2

0.6

1.2

0.6

h/J

FIG. 2. Magnetic susceptibility of g-merized XX chains af-
ter averaging over 5 X 10* samples with 1500 sites, using g-
periodic Gaussian exchange distributions for ¢ = 2 (a), 3 (b),
4 (c), 5 (d), and strength p = 0.4. The insets show the suscepti-
bility behavior at low magnetic fields which follows closely the
regimes predicted by Eqgs. (1) (¢ odd), and (2) (¢ even) in the
text.

From the numerical curves, it appears that the usual
Dzhaparidze Nersesyan—Pokrovsky Talapov (DN-PT)
[18] transition is smoothed in the presence of disorder,
both in the cases of binary and Gaussian distributions. By
using the exact results of [19] for a family of Poissonian
distributions, one sees that the behavior of the magneti-
zation close to saturation has a nonuniversal exponential
decrease. On the other hand, this nonuniversality is re-
flected for the binary case, in the fact that saturation occurs
with an upper bound given by 2J,x. Since the universal
DN-PT transition is destroyed near saturation, we expect
that the same will occur in the vicinity of a nontrivial
plateau. In fact, this is noticeable in the numerical data.

(c) Susceptibility at low magnetic fields.— For homoge-
neously disordered chains (i.e., ¢ = 1), one can use the
decimation procedure of [12], along with the universal-
ity of the fixed point, to show that either for discrete or
continuous distributions the low field magnetic suscepti-
bility behaves according to Eq. (1). Following a simple
argument based on random walk motion used in [13], it
can be readily shown that, for A = 0 (or XX chains), these
arguments can be extended to the case of g odd giving
the same singularities. In fact, these expectations can be
compared to the numerical results obtained for ¢ odd with
both Gaussian and binary disorders, as shown in Figs. 2
and 3, respectively. In particular, we direct the reader
to the semilog insets of Figs. 2(b), 2(d), 3(b), and 3(d)
which evidently follow the universal singularity referred
to in Eq. (1). The numerical results for the log-normal
distribution lead to the same qualitative behavior obtained
for the Gaussian case.

For g even, for which there is a plateau at m = 0 in the
pure case, the situation is more subtle. By using the nota-
tion of [13], for XX chains we can again define a random
walk of the variable u; = In(A;) between the boundaries
In(V?/E) and In(E), now with a driving force F and dif-
fusion coefficient D given by

2
F = ;(ln]?:qn — InJ7.,.). (6)

1
D= 5[var2<1nf,~2:q,,) + (g — Dvar*(nJz, ). (7)

By means of the method given in [13] for the undriven ran-
dom walk, one can approximate the problem to a discrete
time diffusion problem with an absorbing and reflecting
wall. One can then show that the average number of bonds
for a cycle to be completed now goes like 7 ~ e@du/2,
which gives the asymptotic behavior for the magnetic sus-
ceptibility as in (2). The non-universal exponent « turns
out to depend on the distribution parameters (6) and (7),
namely, « = 2F/D. Also, this exponent coincides with
the results obtained in [16], using decimation and other
methods for the ¢ = 2, XXZ chain.

Once more, our numerical results for the binary and
Gaussian coupling distributions considered above lend fur-
ther support to this nonuniversal picture of even modula-
tions. Specifically, there are in fact situations for which
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FIG. 3. Same as Fig. 2, but averaging over a binary exchange
disorder of strength p = 0.4. The small field susceptibility be-
havior displayed in the insets reflects the typical singularity of
odd periodicities [¢ = 3 (b) and 5 (d)], whereas even modu-
lated distributions [¢ = 2 (a) and 4 (c)] are nonuniversal in this
regime.

the low field susceptibility can either diverge (e < 1) as
displayed in Figs. 2(a), 2(c), and 3(c) or collapse (a > 1)
as shown in Fig. 3(a). Moreover, we checked that our «
exponents can fit reasonably the numerical behavior ob-
tained in this regime, as indicated by the log-log insets of
Figs. 2(a) and 2(c).

To summarize, we have studied the effect of disorder on
the plateaus structure in g-merized XXZ chains. By means
of a simple real space decimation procedure we could ac-
count for a nontrivial phenomenon, namely, the shift in the
magnetization values for which certain plateaus emerge, as
compared to the pure system. This was tested by numerical
diagonalizations of large XX chains finding a remarkable
agreement with Eq. (5). We have also analyzed the behav-
ior of the low magnetic field susceptibility which exhibits a
clear g-odd (-even) logarithmic (power law) behavior. Our
theoretical predictions could be experimentally checked on
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dimerized compounds such as CuGeO3 doped with Si [20]
under magnetic fields. Also trimerized compounds exist
in nature [8] and it would be interesting to see if they can
be doped. We trust this work will convey an interesting
motivation for further experimental studies.
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The magnetic behavior of antiferromagnetic spin 1/2 chains with site-centered impurities in a magnetic field
is investigated. The effect of impurities is implemented by considering different situations of both diagonal and
off-diagonal disorder. The resulting magnetization curves present a wide variety of plateaus, whose position
strongly depends on the kind of disorder considered. The relevance of these results to experimental situations
is also discussed.
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I. INTRODUCTION Il. THE MODEL
'!'he study of the magne.tic properties of low dimeqsionalwh-gzg I—Ta(:gi(itlomzna};egig\]/(grr:gbjo study is @ spin-1/2. chain
antiferromagnets has received much renewed attention dur-
ing the last years. One patrticular issue that captured both
experimental and theoretical efforts is the appearance of ~ H=2 [Ji(S'S 1+, 1 +ASSSE ) +hS. (D)
magnetization plateaus in spin chains and ladders systems. In '
general, those plateaus appear for pure spin systems at ratiPhe randomness is implemented by considedngndh; as
nal magnetization valugs:* Some experiments have indeed random variables. Specifically, bond randomness will be ob-
confirmed these theoretical predictions in a few particulatained by assigning to all the variablés the same value
cases. fixed ath, and by giving a probability distribution to the set
More recently, the effect of the presence of impurities onof variables{J;}. The probability distribution can, of course,
such magnetic behavior was also investigated. From the thése chosen in such a way to give, on average, a periodicity of
oretical point of view, the properties at zero magnetic fieldd to the bond variables. It is important to say that realistic
have |arge|y been e|ucidatéa,and recent ana]ysis exp|ored distributions relevant for many pOSSible experimental situa-
also the robustness of the rational plateaus for small ampliions are discrete. In this sense, a binary distribution captures
tude of the disordetA very interesting phenomenon recently the essential characteristics of the phenomena we want to
discovered was also that, for bond-disorder with discretél€scribe here, the generalization to more complicated dis-
probability distributions, plateaus at nonrational values of the"€t€ distributions being straightforward. In Ref. 9, a distri-
magnetization are presehMoreover, the position of such Pution of the form;
plateaus in the curve is related in a simple way to the con-
centration of impure bonds in the system. Since this kind of
disorder is a good candidate for modeling concrete experiwas considered, wherg,=vy, (—v) if i=qgn, (i#qgn). In
mental situations, this result opens new perspectives in therder to match the behavior of a disorder originating from a
interpretation of experimental curves. In order to make closesite impurity, a most appropriate distribution can be given by
contact with experiments, one has to take into account all théhe following algorithm: distribute first regular values for the
effects that can be produced by nonmagnetic impurities, angonds J; with the desired periodicityy, and parametety,
provide a wide range of possibilities for implementing thethen, to each site of the chain assign a probabilityplto be
presence of such impurities in realistic models. an “original” site, andp to be an “impure” site. Finally, for
In this paper we analyze a simple model where differen€ach sité which turned out to be impure, change the values
kinds of diagonal and off-diagonal disorder are present. Th@f the surrounding bond} andJ; -, to J’. We are, as in Ref.
techniques used are based on a decimation procé(ajmga, 9, concerned with three different values for the bond
well as standard quantum mechanics tools and numerical castrength,J= yJ andJ’, but now with a correlated probability
culations for XX chains of sizes ranging from 50000 to distribution.
100000 sites. Despite the simplicity of our model, we find For site-centered disorder, we are going to consider two
that a huge number of families of cases is present, each dfifferent cases. The first is just obtained by writingash
them presenting its own hierarchy of magnetization plateaust h{ , whereh/ is a random variable taking values of 0 with
Moreover, we show how a simple tuning of the microscopicprobabilityp andh’ with probability 1—p. This case can be
parameters can drive our system from one family to anotheconsidered as academic, since it violates the symnietsy
We also argue that this simple example serves as a goodh, but it will nevertheless provide useful insight for more
laboratory for understanding and classifying the wide varietyrealistic disorders. The second and more realistic case is the
of cases one can encounter in experimental curves of antifeh— —h symmetry preserving case whelg=h(1+ «;),
romagnetic systems with impurities. with values forq; being binary distributed among 0 and

PUN=poi—d)+(1-p)&(Ji—I=»d), (2
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with probability p and 1-p, anda= —1 (the limiting case 1f '
of a=—1 corresponding to an impurity which does not
couple to the magnetic field

In the case ofA=0, the model can be mapped, via the
well known Jordan-Wigner transformation, to a problem of
free fermions, whose first quantized Sdtlirger-type equa- 0.8
tion is

Ji—1Ci-1tJiCira=hi . 3 P=0%

The magnetization is simply related to the number of states o6 | p=0.4
occupied and the component of the susceptibility is just
proportional to the density of states. For a given energy, theM(h)
number of states can be simply obtained by the node count
ing method!! related to the number of positive “self-energy”
variables, 0.4 1

p=0.3

Ai:Cifl‘Jifl/Ci- (4) p=0.2

The recursive formula for these variables is
5 02 |
A 1=J7/(hi—Ay), &) p=0.1

which, for the case of bond arfd— —h symmetry preserv-
ing site disorder can be written as

Di+1=W?/(h—D)), (6) % 1 2

whereD; =A/1+ a; andW?=J%/[(1+ a;)(1+ ;4 ,)]. Note h

thatD; has the same sign ds, then the node counting can o _ ) )

be done in theD variables. This remark will be very useful  FIG. 1. Magnetization curves oXX chains with off-diagonal
when discussing the presence of plateaus and the behavior §porder for the parameters valueslf 2, J'=0.6, y=0.45.

the magnetization curve close le=0. . .
g off-diagonal disorder. For example, for teX case, a map-

ping to a random walk in the self-energy variables shows, as
for a standard dimerized chain with random bolMd$a

As mentioned above, this case corresponds to a generafower law behavior for the magnetic susceptibility for even
zation for bond-disorder considered in Ref. 9. In this casePeriodicity of the lattice,
each time a site is considered as an impurity, it must be N
surrounded by bonds with lower values. The decimation pro- XzH ©
cedure used in Ref. 9 is again well adapted for identifyingwhere the exponent can be easily obtained from the mean
the location of magnetization plateaus. However, some cargnq variance of In) (see, for example Ref.)9Using the

has to be taken in counting the number of bonds for eackame method, a logarithmic behavior for the susceptibility is
decimation step, particularly in the case of two impuritiesgptained for odd periodicity of the lattice,

sitting in neighboring sites. We refer to the reference men-

Ill. OFF-DIAGONAL DISORDER

tioned above for the details of this reasoning and present 1
here the result for a dimerized chain which is the most rel- X% . (20
evant case for experimental situations, the generalization to H[In(H?)]
generic periodicity of the lattice being straightforward. The
principal plateau is located at IV. DIAGONAL DISORDER
M=2p-p? ) We first concentrate on the naive diagonal disorder one

can introduce in a dimerized chain, by supposing that a

coming from the decimation of the bonds with the higheStsupplementary magnetic field at each impurity is present.

value. The second step of the decimation gives a secondaw,hile for low h’ no noticeable changes at the curve occur,
plateau at for strong enough values ¢f', we see in Fig. 2 the appear-
M=2p— 202+ 2p3— p?. 8 ance qf new platgau_s. A simple way to u_nderstand such pla-
P=<p PP @ teaus is by considering the strong coupling casel. The
These plateaus are well observed in the numerical curves afrder zero in powers of (% y) is just given by a combina-
Fig. 1, where we show the result for &X chain. tion of dimers which can contain two, one or zero impurities
The behavior of the magnetization for small magneticwith probability (1—p)?/2, p(1—p) and p?/2, respectively.
fields can also be obtained as a generalization of the normdl is then easy to draw the magnetization curve for each case
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Strong—coupling
M(h) © . M) O} .
Simulation
-0.5 E -0.5 | 4

-4.5 . . -4.5 -2.5 -0.5 1.5
h h

FIG. 2. Magnetization curves for the first kind of diagonal dis- FIG. 3. Same as in Fig. 2 with=2, y=0.45,h'=2, p=0.3.
order mentioned in the tefsee Eq.(11)] taken withp=0.3, y
=0.5,J=2.

magnetic field and the change-1—p (impurities become

(a three step stair like curve obtained by trivially diagonaliz-PUre Sites and vice versdn the case oKX chains, we can
ing the dimer Hamiltonianand then superpose the curves Make use of the change of variables defined5in \We have
with the appropriate weight. The result is compared to thdhen the equivalence between the model we are considering
numerical data in Fig. 3. The positions of the plateaus pre@nd a system with constant magnetic field, but with a wide
dicted at this order are located at hierarchy of values for the bonds; there are now six values of
W, instead of the two allowed fa¥; (J’ is forbidden in the
M=—-1+p?% —(1-p)? 0, p? 2p—p% (1) diagonal disorder cakeThe decimation procedure can then

Note in passing the lack dfl ——M symmetry in the mag- be used on this special off-diagonal disordgr to .preo!ict the
netization curve due to the very nature of the disorder. ComPresence of plateaus. We have however to identify different
paring with the numerical result, one sees that some platea§@Ses corresponding to each hierarchic structure of the
are softened due to the presence of nonzero coupling whichonds, and these are given by the valuesc@ind y we are
was neglected in our procedure. The next step is as usual g@nsidering. As already stated before, the decimation proce-
turn on a nonzero value foy and use standard quantum dure is implemented by eliminating the strongest bonds, and
mechanics perturbation theotgee, for example Ref. 13 for their relative weight in the system gives the position of the
a similar treatment The result is a smoothing of the jumps corresponding plateau in magnetization. We omit the details
between the plateaus and a correction to their width whictpf the combinatorics and present the results for the position
can be calculated in powers of {ly). Since we are con- ©f the principal plateaus for each case in Table I. Figure 4
cerned with more realistic kinds of disorder these computaShows also the magnetization curve obtained for one of these
tions are beyond the scope of this work. We point out to thecaSes, showing a fair agreement with the decimation predic-
reader that this zeroth order in strong coupling leaves th&#0NSs. .

M =0 plateau present, a result which seems to be confirmed L€t us now analyze the behavior of the system at low
for the XX case by the numerical argument. magnetic fields. We will use here the mapping process ex-
The second case is obtained by assuming that each impglalned in Ref. 11 on oub variables. At low magnetic fields,

rity couples to the magnetic field with a factor of{Lv). It W€ can write(6) as

gives a symmetric magnetization curve by the chahge

—h. It is sufficient to study only the case<0. Indeed, the )

case of positivex is obtained by a simple rescaling of the Di+1=—W{/D;. (12
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TABLE |. Magnetization at the principal plateaus for the¢ 1
—h) symmetric diagonal disordésee text
Range ofa parameter Magnetization plateaus
1—p? 0.8
1-v\? .
(—y —1<a<0 (1-p)?
1+y 0
1—p?
1-p?—p?(1—p)? 0.6
1—9)\? 1 1—\4 1 (1-p)?(1+p?
1+y “l1r (1-p)? M(h)
0

1-p*-p*(1-p)°
1-p?=p*(1-p)*(1+p?)

1-y|* (1+p*+phH(1-p)?
*<\Toy) ~ (1+p?)(1-p)? 0.2
(1-p)?
0
Doing the recursion one step further, we obtain for even 0
sites,
h
2
D, = 1=y 1taz ) (13) FIG. 4. Magnetization curves for thén{= —h) symmetric dis-
A7\ 14y 1+ay 2% order withJ=2, a=—-0.7, y=0.7.

Thus, definingx,;=In(Dy), this leads to a random walk . : L ,
values ofa, since the hierarchy of coupling in the effective
problem where the In({&a;_2)/(1+a)) term plays the role system is unchanged. The situation is however radically

of the noise. By inspecting the form of this last term, one Ca.nchanged whenr goes below the critical value,
easily see that the noise is cancelled step by step, giving risé

to a regular and non-random walk at large tinflesge m),

J’
- aC:J“I"yJ_l’ (15)
_ @
RV T+ ) i i
21 Xai+2~ Xoi=2mIn| 7 5 In 1+a2m+2) (14 where the hierarchy of values for the bonds is completely

changed. Figure 5 shows that crossing the critical value of
Then, at low magnetic fields, the behavior of our systems isndeed changes completely the nature of the magnetization
asymptotically equivalent to the one of a pure chain, and foeurve and the position of the plateaus in the curve. In that
an even periodicity of the bonds shares in particular the presase, the strongest bonds have the valliéél + ) and can
ence of a plateau at zero magnetization. Strictly speakingye found in arbitrary long chains of impurities. This fact
these results are valid foxX chains only, since we have invalidates the standard decimation procedure for locating
used the change of variablé8). We conjecture however that the position of the plateaus. However, one can proceed by
the qualitative behavior for the curve, and in particular, thenoticing that, for values o& close enough te-1, the inter-
position of the magnetization plateaus remains valid for geimpurities bonds in the effective model are much larger than
neric XXZ chains. the others. One can then use a kind of strong-coupling treat-
ment in which the zeroth order system is obtained by equat-
V. MIXED DISORDER ing the value of the remaining bonds to zero. We are then left
with a collection of decoupled spin chains with arbitrary
This last case can be considered as the combination déngth. Each spin of the chain is only coupled to his two
both kinds of disorder studied before. It is important to no-neighbors(with a coupling valuelo4) so that the Hamil-
tice that the equivalence between positive and negaiiv®  tonian matrix is tridiagonal. The characteristic polynomial of
not valid anymore due to the extra presence of bond disordesuch a matrix is obtained by a recursive way. In our case, the
For theXX case, it is however easy to see by meang6pf recursion formula leads, after a change of variables, to a
and the subsequent decimation procedure, that the €ase Chebyshev polynomial. Thus, for an array containing
>0 has the same plateaus as for the off-diagonal disordespins, the eigenvalues of the Hamiltonian are simply given
discussed above. This is still the case for negative but smally the roots of second order Chebyshev polynomials,
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FIG. 5. Magnetization curves for the case of mixed disorder

with J=2, J'=0.8, y=0.5, p=0.4 and different values of. In FIG. 6. Strong-coupling and numerical result for the mixed dis-
this caseq .= —0.73 (See tex): order case Wlth]:2, J’ =0.8, a=—0.95, ’y:O.S, p:03

to that of a pure off-diagonal disorder. One recovers in this
way the power law or logarithmic behavior as (®—(10)

pm
Eszeﬁ co m
. ) ] depending on the periodicity of the bonds.
and J. is the value of the coupling between the spins. The

magnetization curve for such a finite chain can also be easily
obtained. To draw the magnetization curve for the total sys-
tem one just has to superpose the curves for all possible

values ofn with the corresponding probability of appearance  To summarize, we have shown that the magnetization
(1-p)®p". The result is shown in Fig. 6, where we comparecurve of spin chains with different kinds of impurities exhib-

the numerical result with the strong coupling computationits a rich variety of plateaus. While the phenomenon of non-
performed up to 11th order ip. The appearance of a hierar- rational plateaus was already observed in a disordered’case,
chy of plateaus cIo_se to saturati_on predicted by the theory i§e nave shown in this paper with simple examples that the
clearly observable in the numerical data. position of such plateaus strongly depend on the particular

The plateau at low values of the magnetization and thg,,; 65 of the microscopic parameters. While one can speak

jump in the magnetization at zero field is an artifact of theof a sort of universality for the position of the plateaus, de-
zeroth order approximation. This can be cured now by turn-

: - . ._pending only on the concentration of impurities and period-
ing on the remaining coupling to nonzero values and treating_. )

. . . ity of the averaged bonds, we have clearly seen that differ-
them in perturbation theory. On what concerns the jump ai

M =0, there is however a much simpler way of studying theent families of disorder produce qualitatively different
' magnetization curves. Moreover, within the same kind of

shape of the curve close dd=0. This is achieved again by disorder(the mixed disord . icular simpl
the mapping to the random walk problem used in Sec. IV2SO" er(the mixed disorder case in particular simple tun-

The difference here is that the coupling term is not a constarffd ©f the microscopic parameters can switch the system

; p=1--n, (16

VI. CONCLUSION

anymore becaus& can be eithed+ yJ or J’, from one “universality class’_’ to_ another_. This_ scer_lari_o
teaches us that the characterization of spin chains with im-
Joi_1\ 21+ ay_, purities is better understood in terms of families of disorder,
D= Iy, ltay D22 (17)  at least to understand the behavior of the magnetization
= |

curve. While some results in this paper have been obtained
As in Sec. IV, the term containing is canceled step by step for the XX case only, it is reasonable to think that such a
and we are left with a random walk problem strictly identical characterization in terms of families of disordered chains re-
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mains valid for generi&X XZ chains. Of particular interest is -zation curve in future experimental situations, where higher
the mixed case, for which we believe the case-—1  periodicities than 2 are also conceivable.

should represent the magnetization curve for materials such

as CuGeQ@ doped with S* Some attempt to explain realis- ACKNOWLEDGMENTS

tic materials magnetization curves has already been pru- We acknowledge B. Dujardin for fruitful discussions and
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M. Oshikawa, M. Yamanaka, and I. Affleck, Phys. Rev. L&8, Rev. B 64, 134420(2001).
1984 (1997. 9D.C. Cabra, A. De Martino, M.D. Grynberg, S. Peysson, and P.
2D.C. Cabra, A. Honecker, and P. Pujol, Phys. Rev. |#9t.5126 Pujol, Phys. Rev. Leti85, 4791(2000.
(1997; Phys. Rev. B58, 6241(1998. 105 K. Ma, C. Dasgupta, and C.-K. Hu, Phys. Rev. Lé8. 1434
3K. Totsuka, Phys. Lett. 228 103(1997); Phys. Rev. B67, 3454 (1979; C. Dasgupta and S.K. Ma, Phys. Rev. 2, 1305
(1998. (1979.
“K. Hida, J. Phys. Soc. Jp3, 2359(1994; K. Okamoto, Solid ~ *'T.P. Eggarter and R. Riedinger, Phys. Rev1.® 569 (1978.
State Commun98, 245 (1995. 12p A. Ovchinnikov and N.S. Ekhman, Sov. Phys. JET®6, 340
5Y. Narumi et al,, Physica B246-247 509 (1998. (1977.
8D.S. Fisher, Phys. Rev. B0, 3799(1994. 13p.C. Cabra, A. De Martino, A. Honecker, P. Pujol, and P. Simon,

"R.A. Hyman, K. Yang, R.N. Bhatt and S.M. Girvin, Phys. Rev.  Phys. Rev. B63, 094406(2001).
Lett. 76, 839(1996; P. Henelius and S.M. Girvin, Phys. Rev. B 1#J.-P. Renaret al, Europhys. Lett30, 475(1995; L.P. Regnault,
57, 11457(1998; F. Igloi, R. Juhaz, H. Riegeribid. 61, 11 552 et al, ibid. 32, 579(1999; M. Fabrizio, R. Mdin, and J. Sou-
(2000. letie, Eur. Phys. J. B0, 607 (1999.

8K. Totsuka, Physica B84-288 1559 (2000; K. Totsuka, Phys. °K. Hida, cond-mat/011152unpublishedl

104401-6



2.1.4 Fluctuations quantiques dans les systémes frustrés

Nous connaissons un trés grand nombre d’exemples en physique statistique
ou les fluctuations thermiques pour un systéme classique jouent un role simi-
laire, sinon équivalent, a celui des fluctuations quantiques. Cette analogie est,
par exemple, souvent exploitée dans les études d’ondes de spins des systémes
magnétiques. Dans cette section nous discutons le role des fluctuations dans un
systéme frustré. Nous commencons par analyser les fluctuations thermiques dans
la version classique du systéme pour ensuite aborder les fluctuations quantiques
et constatons les similitudes et différences entre les effets produits dans les deux
cas. Nous avons pour cela choisi de faire la discution sur un seul modéle, celui
d’un systéme de spins sur le réseau de kagomé, qui, grace a sa richesse, servira a
illustrer tous les phénoménes intéressants qui peuvent avoir lieu dans la physique
des systémes frustrés en général.

Considérons le modéle de Heisenberg pour des spins classiques dans le réseau
de kagomé, avec interactions entre plus proches voisins :

H=7Y 8.5:J>0 S=1 (28)

<i,7>

Ce Hamiltonien peut se réécrire comme une somme sur tous les triangles du
réseau : 7
— _’2 —_
H=3 XA: (SA 3) (29)

ot Sp = Yien S;. 1 est clair que I’état de plus basse énergie sera donné par les

conditions sur chaque triangle S =0. Or, pour le réseau de kagomé, 11 existe une
infinité de configurations qui satisfont & ces équations. Cet ensemble forme en fait
une sous-variété dont certains des éléments auront une importance capitale. Nous
pouvons maintenant nous placer a une température basse mais non-nulle, et étu-
dier les fluctuations thermiques sur chacune des configurations de basse énergie.
Nous renvoyons le lecteur aux références originelles pour les détails techniques [1]
et mentionnons ici que les configurations ol tous les spins sont contenus dans un
méme plan sont favorisées par rapport aux autres configurations. Cette sélection
d’un certain type de configuration a basses températures est connue sous le nom
de "ordre par désordre" ou sous les initiales de 'expression en anglais "OBD".
L’origine de ce phénoméne se base sur le fait que les fluctuations "d’ondes de
spins" au dessus d’une configuration de basse énergie ont des modes "mous",
ou des modes dont I'énergie est quartique et non pas quadratique en termes des
petites déviations par rapport a la position de basse énergie. Imaginons qu’une
configuration particuliére contient Ny modes quadratiques et N, modes quar-
tiques, si nous voulons estimer la contribution a I’énergie libre des fluctuations
sur cette configuration nous pouvons obtenir le terme dominant avec la méthode
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M=0 M=1/3

F1G. 3 — Le réseau de kagomé et la configuration des spins avec M = 0et M = 1/3

du col :
f(I)~Ey—T (% + %) In(T/J) (30)

nous voyons donc que plus une configuration aura des modes quartiques (au
détriment du nombre de modes quadratiques), plus son énergie libre sera basse.
Les configurations planaires ayant le plus grand nombre de modes "mous", elles
seront sélectionnés par rapport aux autres configurations et dominerons donc le
comportement a basse température du systéme. Le calcul détaillé nous montre
aussi que 'ordre quadratique sur les ondes de spins est identique pour toutes
les configurations planaires ( i. e. aussi bien le nombre de modes mous Ny que
la loi de dispersion des modes quadratiques seront les mémes pour toutes les
configurations planaires). Ce dernier résultat a des conséquences importantes
pour le cas quantique, comme nous le verrons plus bas.

Imaginons maintenant que l'on introduit un champ magnétique h dans la
direction Z, le Hamiltonien devient :

H = JY S.8-hY S

<ij>
- gz<§z—3)—2253 (31)
AN AN

et la configuration d’énergie minimale sera donc donnée par une aimantation par

triangle
- h
> 5=z
i€l 6.7

L’analyse des fluctuations du modéle classique & basse température a été faite
dans [2]. Un point particuliérement intéressant correspond au cas M = 1/3. Ceci

M

W
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d’abord du fait que, en présence d’'un terme d’anisotropie, X X7 avec A > 1,
la courbe d’aimantation classique présente un plateau [3|. En plus, dans le cas
isotrope, les configurations "UUD’ o1, par triangle, deux spins sont paralléles au
champ magnétique et le troisiéme est antiparalléle (voir figure (3)) aura le méme
type de comportement que les configurations planaires pour le cas M = 0 [2].
De ce fait, ces configurations dites coplanaires seront sélectionnées a basse tem-
pérature dans le systéme classique. Une observation importante est que, comme
pour le cas des configurations planaires pour M = 0, il existe, dans la limite ther-
modynamique, une infinité de ’pavages’ inéquivalents de configurations "UUD’.
Cependant, les fluctuations thermiques considérées a I’ordre le plus bas donneront
le méme résultat pour toutes les configurations collinéaires. En effet, Nous pou-
vons écrire les petites déviations par rapport a la position d’équilibre de chaque
spin Sﬁ’l comme :

S:l = (6?76?’1 _&l) (32)

avec oy = ((€7)* + (€/)?) /2. Nous obtenons alors le Hamiltonien au premier ordre :

0,1 %) 0,j 1%
i—j

ou Ey est I’énergie de la configuration classique non déformée. Pour le cas M = 0,
il est possible de choisir un repére des axes pour chaque spin pour que les matrices
Ci; et C?iJ,j soient les mémes pour tous les pavages. Dans le cas M = 1/3, bien
qu’on puisse toujours choisir les repéres pour chaque spin pour que les matrices
Ci; soient identiques, les matrices Ci{ ; dépendent du pavage UUD que nous avons
choisi. L’observation clé est que, sous le changement de variable : €/ — —e! sur
chaque site i ou le spin non déformé est D’ (down), nous obtenons des matrices
Czj qui sont aussi indépendantes du pavage choisi. Il est donc évident que toutes
les configurations planaires pour M = 0 ou UUD pour M = 1/3 sont, au premier
ordre, équivalentes vis a vis des fluctuations thermiques.

Imaginons maintenant que notre systéme dans le réseau de kagomé est com-
posé de spins quantiques, de grandeur S2? = h25(S + 1). Si nous nous placons a
température nulle, il est légitime de se demander si les fluctuations quantiques
vont avoir un role similaire a celui des fluctuations thermiques pour le modéle
classique. Un premier pas pour répondre & cette question est d’étudier les fluc-
tuations de point zéro au premier ordre en 1/S en utilisant la représentation de
Holstein-Primakoff. Pour cela, nous écrivons chaque spin comme :

1 a;

= 1
S, =9 "), i T_a),1— 212y, 34
l (\/ﬁ(al al) Z\/ﬁ(a’l al) g ) ( )
et nous obtenons le Hamiltonien :
S
H=H,+ §(H2 +0(1/V8)) (35)
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ou H, est quadratique en termes des opérateurs de création et annihilation.
La partie en O(1/v/S) contient des termes d’ordre supérieur. Considérons par
exemple des pavages avec une certaine périodicité de facon a pouvoir utiliser la
transformée de Fourier. Par transformation de Fourier, on obtient alors :

J fi g ct C- aj_~
=33 () (G 6 ) (f) (36)
q ij q

ot C* sont les transformeées de Fourier de C*+C". Nous pouvons donc en conclure
que, pour M = 0, les fluctuations quantiques au premier ordre joueront un roéle
similaire & celui des fluctuations thermiques en ne favorisant aucune configuration
classique planaire particuliére. Il faut donc une technique d’analyse des effets
quantiques plus poussée pour pouvoir se prononcer sur le spectre du systéme
quantique, notamment pour des spins 1/2. A ce jour les résultats les plus solides
[4] proposent un scénario ot le modéle de spins 1/2, & M = 0, a un gap de
spin ? et une bande d’excitations de spin 0, au dessous du gap, qui rejoint I’état
fondamental qui est désordonné. Le nombre d’états dans cette bande de singulets
au dessous du gap de spin semble croitre exponentiellement avec la taille du
systéme. Ce scénario exotique est la trace au niveau quantique de cette grande
dégénérescence thermique au niveau classique. On peut remarquer la rigidité du
systéme vis & vis des excitations magnétiques qui coexiste avec la 'molesse’ de
celui-ci par rapport a des excitations non magnétiques.

Pour M = 1/3 la situation est trés différente : la remarque la plus importante
est que le changement de variable €/ — —e/ fait dans le cas classique ne peut
plus étre fait maintenant car €7 et €/ sont des variables canoniques qui doivent
satisfaire a des lois de commutation bien précises (reliées a 1'algébre de su(2) des
spins). Il n’y a done plus de raison pour que le tout premier ordre des fluctua-
tions quantiques donne le méme résultat pour tous les pavages. On peut en fait
faire explicitement le calcul des corrections de point zéro pour deux pavages bien
connus, la configuration ¢ = 0 (avec une périodicité de 3 sous-réseaux) et celle
nommeée V3 x V3 (avec une périodicité de 9 sous-réseaux) et constater que les
fluctuations de point zéro de ’état ¢ = 0 sont en effet plus basses.

Bien que ce résultat nous permette d’anticiper que la situation va étre diffé-
rente de celle du cas M = 0 il nous faut des techniques plus poussées pour donner
un résultat définitif sur la nature de I’état fondamental et des excitations de plus
basse énergie. De ce fait, nous considérons le modéle X X 7 avec parameétre d’ani-
sotropie A et considérons le cas A >> 1 (le cas A infini correspondant au modéle
d’Ising anti-ferromagnétique sur le réseau de kagomé). Le premier ordre non-nul
en puissances de 1/A nous donne un Hamiltonien effectif composé d’opérateurs

3qui se traduit, comme nous le savons, par un plateau dans la courbe d’aimantation.

72



40—

301

20

# of states

10+
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agissant sur les hexagones :

_ Foam ot o ot o
Heg = A E (Si,lSi,QSi,SSiASi,E)Si,G

hexagone ¢

+ 8513;25;332545;,53;?6) ; (37)

L’état fondamental de ce hamiltonien est trois fois dégénéré et correspond a un
solide de plaquettes T/T/T| résonantes. Au dessus de ce fondamental dégénéré
on trouve un gap pour les excitations de singulets beaucoup plus petit que le
gap de spin, mais non nul. Dans I'article que nous présentons & la suite nous
donnons les détails techniques qui nous permettent d’arriver a ce résultat ainsi
que des arguments qui nous permettent de dire que ce scénario reste valable dans
le cas isotrope A = 1. La figure (4) correspond a I’obtention par diagonalisation
numérique du Hamiltonien effectif du nombre d’états singulets en fonction de
I’énergie. Nous pouvons voir la présence du gap ainsi que de la bande d’états
singulets, qui, comme dans le cas M = 0, est exponentiellement croissante avec
la taille du systéme. Nous avons donc dans ce systéme deux ordres de grandeur
pour des gaps différent, correspondant a la rigidité magnétique, beaucoup plus
forte que la rigidité des excitations non magnétiques.
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We study the ground state properties of a quantum antiferromagnet on the kagomé lattice in
the presence of a magnetic field, paying particular attention to the stability of the plateau at
magnetization 1/3 of saturation and the nature of its ground state. We discuss fluctuations around
classical ground states and argue that quantum and classical calculations at the harmonic level do
not lead to the same result in contrast to the zero-field case. For spin S = 1/2 we find a magnetic
gap below which an exponential number of non-magnetic excitations are present. Moreover, such
non-magnetic excitations also have a (much smaller) gap above the three-fold degenerate ground
state. We provide evidence that the ground state has long-range order of valence-bond crystal type

with nine spins in the unit cell.

The appearance of exotic quantum phases in systems
described by two-dimensional frustrated antiferromag-
nets is presently the subject of intense research (see e.g.
[1, 2] for recent reviews). The Heisenberg antiferromag-
net on highly frustrated lattices such as the pyrochlore
and kagomé lattice has a huge degeneracy of the classi-
cal ground state such that no magnetic order arises at
any temperature (see e.g. [3] for a recent review). At
the quantum level one may then obtain different exotic
phases without magnetic (Néel) order. One such phase
is the so-called ‘valence-bond crystal’ which is character-
ized by formation of local singlets in a long-range ordered
pattern. An even more exotic phase, namely one with-
out any kind of long-range order, is suspected to arise
in the S = 1/2 Heisenberg model on the kagomé lattice
[1, 4, 5, 6, 7]. In the latter case, there is a small spin
gap and, although this is still under discussion [8, 9], the
ground state is suspected to be disordered. In partic-
ular, a huge number of singlets (exponentially growing
with the system size) is found inside the spin gap which
are reminiscent of the classical degeneracy.

The spin S = 1/2 kagomé Heisenberg antiferromagnet
(KHAFM) is realized e.g. in volborthite [10], although
presumably in some distorted form. Another possible re-
alization is given by atomic quantum gases in optical lat-
tices [11]. In the latter case, magnetization corresponds
to particle number and a magnetic field to chemical po-
tential, opening the possibility to perform experiments
for the behavior of the spin model in a magnetic field.

The magnetization process of the KHAFM has been
studied theoretically both for classical [12, 13, 14] as well
as quantum spins [14, 15, 16, 17]. Numerical results for
the magnetization curve of the S = 1/2 Heisenberg model

FIG. 1: Boundaries of the (M) = 1/3 plateau as a function
of the anisotropy A for different lattice sizes (see legend) and
the transition to saturation (M) = 1 for the thermodynamic
limit (thin full line). Inset: kagomé lattice with an ordered
state of the valence-bond crystal type at (M) = 1/3: circles in
certain hexagons indicate local resonances between different
Néel configurations on the hexagons, arrows indicate spins
which are aligned with the field.

exhibit among others a clear plateau at 1/3 of the satura-
tion magnetization [14, 15, 16, 17] (see also Fig. 1). For
the classical KHAFM at one third of the saturation field
thermal fluctuations select collinear states, but there ap-
pears to be no real order [12]. For the S = 1/2 KHAFM
we will argue in this Letter that the state with magne-
tization (M) = 1/3 exhibits order of the valence-bond
crystal type although it shares some similarities with the
case (M) = 0.
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FIG. 2: Low-lying excitations above the (M) = 1/3 plateau
for the S = 1/2 Heisenberg antiferromagnet on the N = 36
kagomé lattice. (a) Full lines show all excitations with S* = 6
in the given energy range, bold dashed lines the lowest excita-
tions with S = 5 and S* = 7 as a function of magnetic field
h. (b) Excitation energy versus number of states with S* =6
below that energy. One observes a total of 100 states below
the magnetic gap in the middle of the (M) = 1/3 plateau
(corresponding to the largest gap to magnetic excitations).

In the present Letter we study the X XZ model in a
magnetic field h

H=17Y (sis?+s!s!+Asis?) —hY s, (1)
(i.3) ‘

where (i,7) indicates nearest neighbors on the kagomé
lattice (see inset of Fig. 1), s are spin-half operators
acting at site ¢ and A is the X X Z-anisotropy.

The main panel of Fig. 1 shows the boundaries of the
fully polarized state (which we normalize to (M) = 1)
and a state with (M) = 1/3 in the X X Z model (1). Fig.
2(a) shows the low-lying excitations above the (M) =
1/3 ground state computed by exact diagonalization for
N = 36 and A = 1. The dashed lines show the gap to
states with S* = 5 and 7 which vanishes at the bound-
aries of the plateau. The maximum magnetic gap occurs
in the middle of the plateau where these two lines inter-
sect and we will use this as a definition of the magnetic
gap. Horizontal straight lines denote states with S% = 6
(i.e. (M) = 1/3) and correspond to non-magnetic exci-
tations. The large number of non-magnetic excitations
below the magnetic gap is reminiscent of the classical
degeneracy. The shape of the integrated density of non-
magnetic excitations (see Fig. 2(b)) is very similar to the
corresponding integrated density of singlets at (M) =0
(see Fig. 2 of [5]). In combination with the disordered
classical ground state [12], one might be tempted to take
this as evidence that also the ground state of the S = 1/2
KHAFM at (M) = 1/3 is disordered. However, we will
argue next that here classical and quantum fluctuations
are in fact not equivalent at the harmonic level and then
present evidence in favor of an ordered state for S = 1/2.

Classical (thermal) fluctuations were studied in [12,
14, 18] such that we make only a few comments valid for
non-zero magnetization and arbitrary anisotropy A. As
was shown explicitly for A =1 in [12], thermal fluctua-
tions select collinear ‘up-up-down’ (UUD) configurations
at (M) = 1/3 against the other non-collinear configura-
tions that also minimize the classical energy, but all UUD
configurations have the same spectra of harmonic fluctu-
ations. Indeed, a local change of variables shows that
the covering-dependent Hamiltonians of classical Gaus-
sian fluctuations [14] are equivalent.

The role of quantum fluctuations is however radically
different. Now quantum commutation relations to be pre-
served and the change of variables used for the classical
case is no longer possible. To analyze this in more detail,
we compute the zero-point contribution to the ground
state energy at (M) = 1/3 for two different coverings
with a ¢ = 0 and the V3 x /3 structure shown in Fig. 1
of [12], respectively. By writing the spin operators on
each site in terms of bosonic creation and annihilation
operators:

—

1
=5
o (m

we obtain the Hamiltonian:

(af +ar),i

H = Ho+ 3 (Hy + 0(1/V5)), ®

where Hs is quadratic in creation and annihilation oper-
ators and the O(1/+/S) part contains higher orders. By
Fourier transforming, we obtain:

J . M+ M- a
_ 7 T i, v v . -k
H2 = 5 Z: (a_E7 CLE) (M_ Vas )j ( CLE ) y (4)
i 1,

where M= are 3 x 3 and 9 x 9 matrices for the ¢ = 0 and
the v/3 x /3 states since these coverings have 3 and 9
sublattices, respectively. No further change of variables
is possible here since the commutation relations of the
su(2) algebra of the spins have to be preserved. At A =1
one finds for the zero-point fluctuations § >z wy = JS/3
and ~ 0.5643 JS for the ¢ = 0 and the V3 x V3 state,
respectively, demonstrating the inequivalence of the dif-
ferent coverings at the quantum level.

Let us now turn to the extreme quantum case S = 1/2
and, following [19, 20], study the anisotropic X X 7 limit.
In the Ising limit A = oo, the ground states are those
states where around each triangle two spins point up and
one down. This ground-state space of the Ising model can
then be taken as configuration space for a perturbative
treatment of the XY -part of the X X Z Hamiltonian,

For sufficiently large lattices, the lowest non-trivial or-
der is third order, flipping simultaneously pairwise an-
tiparallel spins around a hexagon. This is described by



an effective Hamiltonian [19, 20]

_ Foam ot oam ot o
Heg = A E (Si,l51‘7251‘,33@43@581‘,6

hexagon 14
ot o ot
+ 81‘,13i,23i,38i,48i,53i,6) ) (5)

where the spin operator sf'; operates at the jth site
around hexagon i and A = 3J/(2A%). Note that in
the Ising-basis the effective Hamiltonian (5) has only off-
diagonal matrix elements of size \.

The configurations of the Ising model can be mapped
to dimer coverings of the dual lattice which in the case of
the kagomé lattice is the hexagonal lattice. Now one can
use known results for dimer coverings [21, 22] to write
down the asymptotic growth law for the number of Ising
configurations Neons. on an N-site kagomé lattice:

Neont, ~ (1.11372781 .. )N . (6)

Exploiting results for the related quantum dimer model
on the hexagonal lattice [23], Moessner and Sondhi con-
cluded [20] that the ground state of the effective Hamil-
tonian (5) is of the valence-bond crystal type. To be
more precise, the case studied in [20, 23] corresponds to
A < 0 whereas we have A > 0, but there exist unitary
transformations which change the sign of A [24]. Hence
the spectra of the effective Hamiltonian (5) are invariant
under A — —A\. The three-fold degenerate ground-state
wave functions are sketched in the inset of Fig. 1. Circles
in one third of the hexagons denote resonances between
the two different Néel states on the surrounding hexagon;
a background of the remaining third of all spins points in
the direction of the field. Note that these wave functions
were argued in [20, 23] to yield a qualitately correct de-
scription, but they should not be used for a quantitative
analysis. Furthermore, we emphasize that due to the res-
onances, these wave functions are of a purely quantum
nature and have no counterparts as unique states of the
classical Heisenberg model.

According to the above, at large A the (M) = 1/3
state of the X X Z model on the kagomé lattice should be
three-fold degenerate with a gap to the next non-magnetic
excitations. To check this conclusion and compare it to
Fig. 2, let us look at the spectrum of the effective Hamil-
tonian (5). This effective model has a substantially re-
duced Hilbert space (e.g. for N = 36 there are only 120
states). We can therefore go to larger lattice sizes than
in the full model. Results for kagomé lattices with up to
N = 144 sites are shown in Fig. 3. Additional short cy-
cles wrap around the boundaries of the lattice for N < 27
and lead to non-generic ground states of Heg . Accord-
ingly, systems with NV < 36 should not be considered and
are not included in Fig. 3.

Two features are apparent in Fig. 3 at least for the two
biggest system sizes (N = 108 and 144). Firstly, there are
two further levels above the ground state which appear
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FIG. 3: Spectra of effective Hamiltonian (5) for A — oo with
N = 36, 54, 81, 108 and 144.

to be converging to §E — 0 which is consistent with the
expected three-fold degeneracy of the ground state in the
thermodynamic limit. Secondly, there is a huge density
of states emerging for § £ > 1.3\ which is consistent with
a gap of the order ~ 1.3\. For N = 108 and 144 there
are two further levels in between. Inspection of the wave-
functions indicates that these additional low-lying levels
may arise from the three classical /3 x /3 configurations.

Although the effective Hamiltonian leads to higher de-
generacies of some excited states, the NV = 36 curves in
Figs. 2 and 3 have a very similar shape which can be
taken as a first indication that the same scenario as for
A > 1 also applies to A = 1. Comparison of the overall
scales leads to an estimate for the gap in the (M) =1/3
sector at A = 1 of about 0.04 J. Furthermore, the total
number of Ising configurations is very close to the num-
ber of non-magnetic excitations below the magnetic gap
for A = 1 at a given system size. Hence, the growth
law (6) yields a good approximation also to the num-
ber of non-magnetic excitations in the Heisenberg model
(A=1).

It is instructive to compute the overlap of the wave
function of the full X XZ model, |full X X Z), with the
ground state wave function, |effective), of the effective
Hamiltonian with the same number of spins N. The
analysis of the effective Hamiltonian implies that one
should study only sizes which are multiples of 9 and that
N = 36 is the smallest which is representative of the
general case. However, N = 36 is the biggest system
we have been able to study the full X XZ model and
hence the only case we can discuss. Results for the over-
lap |{effective|full X X Z)| are shown by the full line in
Fig. 4. We observe that this overlap tends to 1 for large
values of A, as expected. Furthermore, the overlap re-
mains appreciable even close to the Heisenberg model
([(effective|full X X Z)| ~ 0.22 for A = 1), in particu-
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FIG. 4: Overlap between the ground state of the full X XZ
model and the effective Hamiltonian with N = 36 for different
values of the anisotropy parameter A (full line). For compar-
ison we include the corresponding result for the N = 36 tri-
angular lattice [17] (dotted line) which exhibits a sharp drop
around A = 0.77.

lar if one considers that the dimension of the symmetry
subspace under consideration is of the order 107. Note
further that the corresponding computation for the tri-
angular lattice at (M) = 1/3 leads to a sharp drop at

~ 0.76 in the overlap at a fixed N (see dotted curve in
Fig. 4 for N = 36), signaling an instability of the plateau
state [17]. No such sharp drop is observed on the kagomé
lattice (full line in Fig. 4) which we take as a sign of ab-
sence of phase transitions between A = oo and ~ 0 in
the X XZ model on the kagomé lattice at (M) = 1/3.
In particular, A = 1 and oo should belong to the same
phase.

To conclude, we have analyzed the low-energy spec-
trum of the kagomé X XZ S = 1/2 model at magnetiza-
tion (M) = 1/3. While the existence of a magnetization
plateau is clear, the nature of the non-magnetic excita-
tions over the ground state is more difficult to clarify.
We have argued by different techniques that the ground
state has an order of the valence-bond crystal type, i.e.
the ground state is three-fold degenerate and there is a
small gap to all higher excitations. While in the case
A > 1 this scenario is derived from a mapping to an
effective Hamiltonian [19, 20, 23], our numerical data in-
dicates that it persists down to the isotropic limit A = 1.

One of the key differences between the present case and
(M) = 0 lies in the unrenormalized classical thermal and
quantum fluctuations. In the absence of a magnetic field,
they are equivalent regarding the lifting of degeneracy of
configurations with soft modes (planar configurations).
However, for (M) = 1/3, classical thermal fluctuations
select the collinear UUD configurations and the weight
in the free energy of any UUD covering is equivalent at
the harmonic level. Because of commutation relations
that have to be preserved at the quantum level, the zero-

point corrections over the UUD configurations are not
any more equal. This is the first indication that a spin
liquid phase is less likely to appear than for the (M) =0
case.

For S = 1/2 and A = 1 we find, for (M) = 1/3, an
exponential number of non-magnetic excitations below
the magnetic gap which are reminiscent of the classical
degeneracy; just as for (M) = 0 [1, 5, 6]. In the latter
case the macroscopic number of non-magnetic excitations
has been taken as evidence for a completely disordered
ground state. Here, however, we find evidence for a fur-
ther small gap, separating the continuum of states from a
ground state, which has long-range order of valence-bond
crystal type. We remark that the N = 36 spectrum [5]
suggests that candidates for valence-bond ordered states
for (M) = 0 would have a larger unit cell than the state
above. Hence, we believe that the issue of order at very
low energies in the S = 1/2 KHAFM at (M) = 0 remains
a challenging problem.
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2.2 Systémes classiques en deux dimensions

Dans ce chapitre nous allons aborder certaines propriétés statiques et dyna-
miques de systémes classiques en deux dimensions. De facon plus précise, dans
un premier temps nous allons étudier dans un exemple concret le role joué par les
impuretés dans un systéme qui a une transition de phase continue. Cette question
est en effet fondamentale si I’on pense a tous les efforts qui ont été fournis pendant
les années 60, 70 et 80 pour comprendre les phénoménes de transitions de phases
continues, avec en particulier des notions comme celles de groupe de renormali-
sation et d’universalité ou les théories conformes. Cela dit, si 'on veut confronter
les prédictions théoriques aux résultats expérimentaux, il ne faut pas oublier que
dans pratiquement la totalité des cas, des impuretés seront présentes dans les
échantillons ou les mesures seront faites. Le type de questions qui viennent tout
d’abord a l'esprit est de comprendre si la présence du désordre préserve ou pas
la nature de la transition de phase, et si oui, la classe d’universalité va-t-elle étre
la méme 7 Ces questions ont bien stir déja été étudiées dans divers cas et nous ne
prétendons pas donner ici une liste exhaustive. Dans [1] on étudie cette questions
pour certains modéles bidimensionnels, dont le modéle d’Ising et de Potts, et I’on
peut trouver une discussion générale sur ce sujet. Le résultat qui est peut-étre
le plus important, et qui en tous cas répond partiellement & ces questions est
le critére de Harris [2]. Celui-ci nous dit que, si «a est 'exposant avec lequel di-
verge la chaleur spécifique en fonction de la température au voisinage du point
de transition, c’est a dire :

C(T) ~ [T =T

alors, si a < 0 la présence d’un désordre faible ne change ni la nature ni la classe
d’universalité de la transition. En revanche, pour a > 0, la présence, méme en
faible concentration, d’impuretés affecte la classe d’universalité de la transition.
Bien que ce critére nous dise si la classe d'universalité change, il ne nous renseigne
pas sur la nature des nouveaux points fixes qui peuvent apparaitre en présence
d’impuretés. Il existe des cas, comme le modéle de Potts a trois états [1], ot 'on a
des points fixes dit perturbatifs, correspondant & des concentrations relativement
faibles d’impuretés et dont les exposants critiques associés peuvent étre obtenus
avec une bonne précision en combinant des techniques du groupe de renormali-
sation et la théorie des perturbations a partir du modeéle pur (sans impuretés),
que l'on controdle bien. Il existe cependant d’autres points fixes, non-perturbatifs,
qui eux ne peuvent pas étre atteints a partir du comportement du modéle pur.
Le deuxiéme volet de cette section se base sur 1’étude d’un systéme classique,
en deux dimensions et sans désordre. La particularité de ce modéle consiste a
imposer des contraintes locales qui donnent lieu & un comportement particuliére-
ment intéressant. La statique du systéme est déja intéressante car, comme nous
les verrons, le systéme est critique a température infinie. Cette criticalité persiste
a mesure que I'on diminue la température jusqu’a obtenir une transition de phase
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du premier ordre trés particuliére. En effet, le paramétre d’ordre passe de la va-
leur 0 pour 7" > T, a la valeur de saturation directement. En d’autre termes, pour
toute température non-nulle mais inférieure a 7,, seule la configuration de plus
basse énergie a un poids statistique non nul dans la limite thermodynamique,
et n’admet pas d’excitations microscopiques, comme c’est le cas dans la presque
totalité des systémes statistiques que 1’on connait. La raison de ce comportement
est entiérement due aux contraintes imposées, qui limitent 'espace de phases et
marginalise I’état de plus basse énergie dans celui-ci.

On peut aussi anticiper que cette restriction dans I'espace des phases a des
conséquences importantes dans la dynamique du systéme, et en particulier dans
sa relaxation vers I’équilibre. Les contraintes locales imposent déja une dynamique
(par exemple de Monte Carlo) non locale, ot la mise a jour microscopique se fait
en modifiant plusieurs spins élémentaires du systéme a la fois de fagon a satisfaire
a toutes les contraintes a chaque étape. Nous verrons que, malgré cette dynamique
non-locale, qui peut-étre considérée comme accélérée, le systéme n’arrive pas a
atteindre I’équilibre pour T < T, et présente alors un comportement en plusieurs
points similaire a celui des verres structurels ou de spins. Il est important de
constater que cette dynamique hors d’équilibre, trés lente, est obtenue sans la
présence de désordre.

Les deux exemples traités dans cette section illustrent les sujet de recherche
actuels dans le domaine des systémes classiques en deux dimensions et la richesse
des résultats nouveaux que 'on peut observer malgré le fait que la physique clas-
sique bidimensionelle soit peut-étre un des domaines les plus étudiés en physique
théorique pendant les derniéres décennies.
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2.2.1 Effet des impuretés dans la criticalité

Les techniques de théorie des champs que l'on peut désormais considérer
comme traditionnelles ont permis d’aller au dela du critére de Harris pour ré-
pondre a la question d’universalité dans une transition de phase en faible désordre.
En effet, en combinant les méthodes de théories conformes avec la théorie de per-
turbations et le groupe de renormalisation on peut décrire les changements qui
peuvent intervenir dans des modéles tels que le modéle d’Ising ou de Potts en
2-D avec une faible concentration d’impuretés. Pour le modéle d’Ising, ou le cri-
tére de Harris ne donne pas de réponse concréte, on sait qu'un désordre faible ne
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modifie pas la classe d’universalité [1] et donne lieu tout juste & des corrections
logarithmiques & certaines fonctions de corrélations. Pour le modéle de Potts a
trois états, ou le désordre est pertinent, un nouveau point fixe, toujours a faible
désordre apparait. Bien que nous ne disposions pas de la solution exacte du mo-
déle, les exposants critiques associés & ce nouveau point fixe peuvent étre calculés
perturbativement.

Ces techniques perturbatives ne nous permettent pas cependant d’obtenir des
résultats pour les cas ou le désordre est fort, ou la concentrations d’impuretés est
grande. Non seulement ce scénario nous éloigne considérablement du voisinage du
modéle pur, mais des comportements nouveaux, liés par exemple a la frustration
peuvent apparaitre. La question est donc de savoir, dans le cas ou la transition
Para-Ferro existe encore, quelle sera la classe d’universalité de celle-ci. Pour des
raisons de simplicité nous allons centrer notre discussion sur le modéle d’Ising
en 2-D, qui est assez représentatif du scénario général que 'on retrouve dans
plusieurs modéles et dont les résultats qualitatifs que nous allons présenter sont
souvent directement transposables a ceux-ci.

Dans le contexte de la théorie des champs, une premiére tentative consiste a
examiner ’action effective du modéle d’Ising avec désordre traité dans le cadre de
la méthode des répliques [1]. L’action effective correspond dans ce cas au modéle
de Gross-Neveu a symétrie O(n), ou selon la prescription de la méthode des
répliques nous devrons prendre la limite n — 0 une fois les quantités physiques
calculées. Or, le modéle de Gross-Neveu est intégrable, et 'on connait la matrice
S. Pour n > 2 entier, le modéle présente une génération dynamique de masse
(due a la liberté asymptotique dans ’'UV). Le prolongement analytique en n de la
fonction 8 nous montre cependant que le modéle devient asymptotiquement libre
a I'IR et donc non-massif. Ce méme prolongement analytique peut étre fait dans
la matrice S du modéle pour obtenir une matrice qui correspond maintenant a
celle d’un flot non-massif entre deux points fixes. Ce flot correspond en fait a celui
que l'on attend entre un point fixe non-trivial de désordre fort et celui du modéle
pur. Avec cette matrice S nous pouvons aussi [2| calculer des facteurs de forme
et des fonctions de corrélations qui nous donnerons de fagon non-perturbative
le "cross-over" entre les points fixes IR et UV, qui correspondent respectivement
aux points fixes de désordre fort et du modéle pur. Ce travail & été fait dans [2] ou
nous avons trouvé effectivement un flot hautement non trivial. Malheureusement,
I'identification de ce nouveau point fixe avec un modéle sur réseau n’est pas
immédiate. En effet, nous pouvons imaginer différentes fagons d’introduire des
impuretés dans le systéme au niveau microscopique. Ecrivons notre Hamiltonien
d’Ising comme :

E({Si}) = Ji;S8 S;, (38)

(4,5)
ou le désordre est ici introduit par les couplages J; ;. Si nous prenons un modeéle
de dilution, ou certains des couplages J; ;, choisis de fagon aléatoire sont nuls, on
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FiG. 5 — le diagramme de phases T" vs. p du modéle d’Ising avec une distribution
aléatoire binaire pour les liens (de concentration p). Le point N, d’intersection de
la ligne de transition Para-Ferro et la ligne de Nishimori est le point de Nishimori.

peut montrer que la ligne critique qui sépare les phases Para et Ferro ne contient
que deux points fixes : celui du modéle pur et un point & température nulle, dont
la classe d’universalité correspond a celle de la percolation. En revanche, comme
nous allons le voir plus bas, il existe des cas oi les couplages sont aléatoires
mais non-nuls et ot on aura un point fixe & température non-nulle hautement
non-trivial. Or, ces deux types de désordre donnent tous les deux, dans la limite
d’une concentration de liens 'impurs’ faible, la méme action effective donnée par
le modéle de Gross-Neveu. On voit donc que, en remontant le flot en direction du
point fixe de désordre fort, nous ne pouvons pas avoir I'information du modéle
microscopique pourtant si importante pour savoir quel point fixe sera atteint.

Etudions plus en détail maintenant le Hamiltonien (38) avec une distribution
de probabilité pour les liens donnée par :

P(J;i;) =pd(Ji; — 1)+ (1 —p)é(Ji; +1). (39)

[’observation fondamentale de Nishimori [3| consiste & dire que dans le dia-
gramme de phases T" vs p, il existe une ligne, donnée par :

1—p

8 _

e = , 40
( )

et représentée dans la figure (5), ot 'on peut obtenir des résultats exacts sur le
systéme.

La relation (40) est le cas particulier pour la distribution binaire d’une relation
plus générale qui s’écrit comme :

P(—Jij) = e 2 P(J;;) (41)
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ou encore comme :

P(Jij) = e 75Q(|Ji4) (42)

ot Q(|J;;]) est une distribution paire pour les valeurs de J; ;. Il existe clairement
d’autre types de distributions de probabilité qui ont une ligne de Nishimori, telles
que la distribution gaussienne. En revanche, les distributions qui n’ont des va-
leurs non-nulles que pour des valeurs des J; ; positives ou négatives uniquement
ne peuvent en aucun point, a température finie et non-nulle, satisfaire a cette re-
lation. On voit donc que la présence de liens de signes différent, ce qui impliquera
la présence de frustration, est indispensable pour les résultats que nous allons
énoncer. Nous n’entrons pas ici dans les détails techniques qui peuvent étre trou-
vés dans [3] et énongons les résultats essentiels uniquement. L’idée fondamentale
est d’utiliser les propriétés de transformation du systéme et des observables sous
la transformation de jauge :

SZ' — GZ'SZ' ) JZ”j — EiEjJi,j ; €= +
P(J; ) = e PQ(|Ji4]) — e P9975Q(| i 41) (43)

et de sommer sur toutes les transformations de jauge possibles {¢;}, qui nous
donnera une somme similaire a celle de la fonction de partition. On obtient avec
de simples calculs des résultats assez étonnants valables tout au long de la ligne
de Nishimori : I’énergie interne du systéme peut étre calculée exactement

<E>= _Nliensj = _Nliens/dJ J P(J) (44)

ott A correspond & la moyenne sur le désordre de la quantité A et < A > a
sa moyenne thermique. En plus, on peut donner une borne supérieure pour la
chaleur spécifique du systéme

KT?< C > < Nijens (ﬁ . 72) (45)

Par ailleurs, pour les fonctions de corrélations & N spins on a :

< SZS] cee 2t = < SZSJ R ar ; Vn € N (46)

et que, dans le diagramme T' vs p, & p fixé, 'aimantation pour toute tempéra-
ture 1" est bornée supérieurement par sa valeur a cette température au point de
Nishimori. Ce dernier résultat implique entre autres que la ligne de transition
para-ferro en dessous du point de Nishimori (voir figure (5)) est soit réentrante
soit au plus verticale. Les conséquences que ’on peut tirer des résultats de Nishi-
mori sont trés nombreuses et d’une trés grande richesse. Malheureusement nous
ne pouvons ici les mentionner toutes en détails et précisons notre discours sur un
point particuliérement important.

84



Nous pouvons considérer des Hamiltoniens plus généraux avec des interactions
a plusieurs spins dans lesquels il est possible d’étendre la condition de Nishimori.
Imaginons ensuite que nous faisons des transformations du groupe de renormali-
sation sur un de ces Hamiltoniens. Un fait remarquable est que la condition de
Nishimori est invariante sous les transformations du groupe de renormalisation,
et donc la ligne de Nishimori est une variété invariante sous le groupe de renor-
malisation, au méme titre que la ligne de transition Para-Ferro [4]. Le point de
Nishimori correspond a l'intersection entre ces deux lignes, et correspond donc a
un point fixe du groupe de renormalisation. Il regroupe a la fois les propriétés de
la ligne de Nishimori et celles de la criticalité de la ligne de transition Para-Ferro.
Les résultats jusqu’ici énoncés sont valables en toutes dimensions et pour tout
type de réseau. Nous allons désormais nous spécialiser dans le cas bi-dimensionnel
ol les travaux que nous présentons ici ont été faits.

Comme la chaleur spécifique est bornée dans la ligne de Nishimori, il est clair
qu’elle ne peut donc pas diverger au point de Nishimori. Cet argument seul suffit
pour garantir que la classe d’universalité de ce point fixe est différente de celle
du modéle pur. Ce point correspond en fait & un point fixe non-perturbatif dont
nous parlions plus haut, et dont les caractéristiques sont un probléme ouvert.
Sous des hypothéses raisonnables de localité de la théorie & grande échelle qui
le décrit, on peut donc parler d’une théorie conforme qui décrit la classe d’uni-
versalité, trés probablement non-unitaire et dont les caractéristiques ne peuvent
pas étre obtenues & partir de raisonnement perturbatifs simples en partant du
systéme pur. Il existe des propositions faites a partir d’arguments de symétrie du
modéle sur réseau [5], mais nous n’avons a ce jour toujours pas une classification
des exposants critiques. Les premiéres simulations numériques faites pour les ex-
posants critiques sur ce point donnaient des résultats trés proches de ceux de la
percolation. Ces résultats avait en plus 'avantage de suggérer un scénario unifi-
cateur ou la classe d’universalité de la percolation était celle de tous ces points
fixes de désordre fort*. Cependant, comme nous le montrons dans P'article annexé
a cette section, des mesures numériques plus précises montrent que le point de
Nishimori n’est pas dans la méme classe d’universalité que la percolation. Les
détails techniques peuvent étre trouvés dans ’article et nous mentionnons seule-
ment ici que la technique qui s’est avérée la plus efficace est celle du calcul de
matrices de transfert dans des bandes trés longues, de largeurs 6 a 14 spins, et
avec des conditions aux bords périodiques. Les fonctions de corrélation au point
critique peuvent étre obtenues de facon exacte dans une géométrie cylindrique
et comparées aux résultats numériques pour localiser le point de Nishimori et en
extraire certains exposant critiques. Les relations (46) sont aussi vérifiées. Le long
de la ligne de Nishimori, on constate que, bien que les moments des fonctions de
corrélations soient égaux deux a deux, ils ne sont pour autant pas tous égaux, ce

4Rappelons que dans le cas ol les liens distribués de facon aléatoire sont soit positifs, soit
nuls, le seul point fixe non trivial se situe & 7' = 0 et correspond bien & la percolation
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qui est le cas en percolation du fait du caratére purement géométrique de celle-ci.

Au dela de la valeur précise des exposants critiques de cette nouvelle théorie
conforme encore inconnue, se pose la question de classifier les différents points
fixes de désordre fort que 'on peut avoir dans un systéme. Bien que la percolation
semble étre la seule issue pour le désordre non frustrant, nous pouvons nous
demander si un seul point fixe gouverne le comportement de désordre fort des
systemes ou la frustration joue un roéle important. Ces résultats sont directement
transposables, par exemple, au modéle de Potts a trois états, ot le méme scénario
se produit. Il existe donc une famille de théories conformes qui décrivent les points
fixes de désordre fort et dont les propriétés peuvent nous apprendre beaucoup sur
la physique des systémes désordonnés en général. Un exemple auquel on pense
tout de suite et celui de la transition localisé-délocalisé des fermions en deux
dimensions dont le comportement décrit, entre autres, la transition de plateau
dans leffet Hall quantique [5].
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We study the universality class of the Nishimori point in the 2D *=J random-bond Ising model by
means of the numerical transfer-matrix method. Using the domain-wall free energy, we locate the posi-
tion of the fixed point along the Nishimori line at the critical concentration value p. = 0.1094 £ 0.0002
and estimate » = 1.33 £ 0.03. Then, we obtain the exponents for the moments of the spin-spin correla-
tion functions as well as the value for the central charge ¢ = 0.464 = (0.004. The main qualitative result
is the fact that percolation is now excluded as a candidate for describing the universality class of this

fixed point.
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In the past years, the subject of disordered systems has
shown a huge renewal of interest in the condensed matter
and statistical mechanics community. Among these disor-
dered models, two-dimensional (2D) systems are of par-
ticular interest. Since the discovery of the unitary series
of conformal field theory (CFT) in 1984 [1], exact values
for the exponents of many well-known models of statis-
tical mechanics have been given. However, an equivalent
classification for universality classes of such systems in the
presence of impurities is still missing. A first big step to-
wards a more general classification was done recently as
a random matrices classification [2]. The data for critical
exponents in most of the experimental relevant fixed points
for impure system are, however, still not available.

The Ising model on a square lattice is one of the most
popular two-dimensional systems. It is specified by the
energy of a spin configuration

E(S)) = D Ji,8s.s, - (1)
(.
where the sum is over all bonds and the coupling con-
stants J; ; are bond dependent. We consider here the
Jij = *1random-bond Ising model (RBIM) with the fol-
lowing probability distribution:

P(Jj)) =pélJi; — 1)+ 1A —-p)oli; +1). (2

Note that, with these conventions, the pure model (p = 0)
is characterized by J; ; = —1 and thus has a ferromagnetic
ground state.

The RBIM is similar to other relevant disordered mod-
els such as the Chalker-Coddington random network model
which was proposed originally in the context of the quan-
tum Hall effect plateau transition [3]. However, it is im-
portant to stress that these systems have a different phase
diagram and therefore their fixed points have no reason to
be in the same universality class [4].
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The topology of the phase diagram of the RBIM de-
pends crucially on the type of disorder one considers. An
instructive example is provided by a disorder having only
two possible values for the bonds with equal signs and
probabilities. It is by now well established [5] that the
only nontrivial fixed points are located at the extrema of
the boundary of the ferromagnetic phase, corresponding
to the pure Ising fixed point and a zero-temperature fixed
point which turns out to be in the percolation universality
class. It is interesting to notice that percolation is also the
universality class of the so-called spin quantum Hall model
[6], another random network model.

When the distribution also contains bonds with different
signs [as in (2)], the situation is more subtle. For a certain
class of probability distributions, Nishimori has shown that
a so-called “Nishimori” line exists, where many properties
can be calculated exactly [7]. For the probability distribu-
tion (2), this line is given by

R S
p

with 8 = 1/T. On the Nishimori line, the internal en-
ergy can be calculated exactly and an upper bound can be
given for the specific heat. Also of interest is an equal-
ity of the moments of the spin correlation functions (see
below). Nishimori has further proven inequalities for the
correlation functions which yield important constraints on
the topology of the phase diagram which is shown in
Fig. 1 for the =J RBIM [8]. Since the Nishimori line
is also invariant under renormalization group (RG) trans-
formations [10], the intersection of the Nishimori line and
the Ferro-Para transition line must be a fixed point. This
so-called Nishimori point (N) corresponds to a new uni-
versality class belonging precisely to the family of strong
disorder fixed points. The bold line in the phase diagram
(Fig. 1) is the phase boundary between the ferromagnetic
and paramagnetic regions. At zero temperature the model

; 3
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FIG. 1. Phase diagram of the two-dimensional *=J random-
bond Ising model.

has a spin glass phase [11]. The three nontrivial fixed
points along the bold line are the pure Ising fixed point,
the Nishimori point at the crossing with the Nishimori line
(dotted line), and the zero-temperature point, separating
the ferro and the spin glass phases. The properties of the
latter point are still mostly unknown. This point will be
the subject of future investigations [12].

In the past years, many numerical and analytical efforts
have been made in order to identify the universality class
of the Nishimori point. Very recently, an analytic approach
suggested that it is governed by an Osp(2n + 1]2n) sym-
metry [and maybe Osp(2n + 2|2n) [9]], but, unfortu-
nately, the classification of CFTs with such symmetries is
still missing. From a numerical point of view, there is
by now a long list of results [13—17]. An important ob-
servation is that all the numerical results for the critical
exponents tend to suggest that this point is in the percola-
tion universality class. Because of the importance of the
statistical model on its own and its relevance for under-
standing the plateau transition in the quantum Hall effect,
it is crucial to elucidate the similarity to percolation and
the relation to the supersymmetric CFT proposed in the
literature.

In this Letter we provide results of extensive numerical
transfer-matrix calculations of the Nishimori point with the
binary distribution (2) for bonds on the square lattice. We
use the domain-wall free energy to accurately locate the
critical concentration of disorder p. and to estimate the
exponent v. We then analyze the spin correlation func-
tions and the scaling of the free energy, giving accurate
and novel results for the magnetic exponent 7 and central
charge c. Apart from improving the identification of this
universality class (providing, in particular, values for the
central charge which have never been measured before),
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our main result is that percolation is excluded as a pos-
sible candidate for describing this fixed point.

We use the free energy of a domain wall [13] to locate
the critical point. For a strip of width L the domain-wall
free energy d is defined as [18]

(p)

dp = L1t — 1), )

where fép) is the free energy per site of a strip of width L

with periodic boundary conditions, and f (La) is the corre-
sponding one with antiperiodic boundary conditions. dj,
is an observable which can be used directly to study the
RG flow under scale transformations. In particular, it is

constant at a fixed point.

(p) (a)
We have computed f(Lp ) = 1anNt and fﬁa) = —lnLZN by

employing a standard transfer-matrix technique with
sparse matrix factorization (see, e.g., [19]) on strips of
length N = 10°. Since randomness is strong, care must be
taken to reduce fluctuations even if the free energies are
self-averaging. Therefore, we have fixed the concentration

of bonds p globally on a sample and computed f £”) and

f(La) on the same sample. Still, one needs about 1000—
4000 samples of L X 10° strips to obtain sufficiently
small error bars for L = 12. Even on modern computers
this needs an amount of CPU time which precludes the
analysis of wider strips. However, since we are looking
for a fixed point, no crossover effects are expected and it
is legitimate to use small system sizes.

The inset of Fig. 2 shows d;(p) along the Nishimori
line (3) in the vicinity of the critical concentration p.. A
finite-size estimate for p. is given by the crossing points
dr,(p.) = di,(p.). After extrapolation to an infinitely
wide strip (details will be given elsewhere [12]), one
obtains

2.3
225
22 |
d, 215t

2.1 =

205 2

0.1094  0.1096 P 0.1098 0.11 ‘@
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FIG. 2. Domain-wall free energy. The inset shows the raw data
and the main panel shows the scaling collapse with p. = 0.1094
and v = 1.33. The symbols are for L = 8 (filled boxes), L = 9
(open boxes), L = 10 (D,JL = 11 (X), and L = 12 (+). Error
bars are much smaller than the size of the symbols.
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pe = 0.1094 = 0.0002. (5)

This estimate improves upon the accuracy of earlier
estimates [14—17]. It agrees perfectly with the transfer-
matrix computations [14,17], while we find a slightly
smaller value of p. than [15,16]. We would like to
mention that (5) is confirmed by standard Monte Carlo
simulations on systems up to 32 X 32 sites [12]—the
present estimate is just more accurate.

One can also extract the correlation length exponent v
from d; if one assumes the scaling form

d(p = pe) = dl(p — pIL'"]. 6)
Again, we omit details [12] and quote just the final result
v = 1.33 = 0.03. (7

The main panel of Fig. 2 demonstrates that d; follows
indeed the scaling form (6) with the parameters (5) and (7).

The result (7) is in complete agreement with v =
1.32 = 0.08 obtained by high-temperature series [15] as
well as the value v = 4/3 for percolation (see, e.g., [20]).

Another important quantity is the magnetic exponent 7).
This exponent can be measured, for example, by comput-
ing spin-spin correlation functions. As mentioned earlier,
all along the Nishimori line the moments of these correla-
tion functions are equal two by two:

[(SCer, y1)S (2, )y 71T = [(S(x1, y1)S (x2, 2 )] (8)

for any integer k. Here [---] represents the average over
the disorder. Assume now that the correlation functions
(8) decay algebraically on a plane and define by x, y the
coordinates on the infinite cylinder of circumference L,
with x € [1,L] and y € ]—o0, +oo[. Using a conformal
mapping, one infers then the following behavior of the
correlation functions on the cylinder:

— M
[<S(x1,y)5(x2,y)>n]oc[sm(MH O
For a pure system, one has 1, = n X 7. On the other
hand, in the case of percolation over Ising clusters, it is
easy to see that the moments of spin correlation functions
are all equal (and not only two by two). Then, if the
Nishimori point is in the percolation universality class,
the exponents for the correlation functions in (9) should
collapse to a unique value 1, = 7 at the critical point.
In order to verify this we have calculated the spin-spin
correlation functions on cylinders of width L and length
400 X L, (i.e., with the length >L) for L up to 20. We
have checked that, for width L = 12, lattice and finite-
length corrections are of order 1%. One example of these
correlation functions can be seen in Fig. 3 (with x| =
y = 0Oand x, = x) on a doubly logarithmic scale. One ob-
serves that the correlation functions nicely obey the power
law (9), thus verifying both the correct location of the
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FIG. 3. Moments of the spin-spin correlation function for p =
0.1095 and L = 20. We only show the odd moments: n = 1
(+), n=3 (X)), n =15 (DJand n = 7 (open boxes). Error
bars are smaller than the size of the symbols. The values of the
exponents are given in (10).

critical point as well as the functional form of the spin-spin
correlation function in a finite strip.

We can then fit the exponent by studying the dependence
with the distance of the correlation functions (9) or by
studying the dependence with L for the fixed location x =
L/2. The first method has proven to give smaller error
bars and we obtain for the family of exponents 7,, for
pe = 0.1095 and L = 20,

n1 = 1y = 0.1854,
n3 = mg = 0.2561,
ns = ne¢ = 0.3015,
n7 = mg = 0.3354,

(10)

with relative errors, at most, of the order of 1%.

One immediately notices two things: (i) The value for
7 differs considerably from the value of percolation n =
5/24 = 0.2083 (see, e.g., [20]), and (ii) the exponents for
higher moments are also considerably different from 7
which is also clear from inspection of Fig. 3.

These results are compatible with the behavior of the
magnetic susceptibility that will be presented elsewhere
[12]. We have also calculated estimates for the exponents
assuming different values for p., namely, p, = 0.109 and
0.110 and the results are still distinct from the ones of
percolation [we obtain n; = 0.180(1) for p = 0.109 and
71 = 0.190(1) for p = 0.110]. Moreover, it is only in the
region very close to p = 0.1095 that we obtain a stable
estimate for 7 as we increase the width L of the lattices.
One can then conclude from the exponents controlling the
algebraic decay of the correlation functions that the Nishi-
mori point is not in the percolation universality class.

Finally, we discuss the (effective) central charge c. It
characterizes the number of gapless degrees of freedom at
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the critical point and appears as the universal coefficient of
the first finite-size correction to the free energy for periodic
boundary conditions [21]

cT

(P) _ 4(p) +
fL fm 6L2

T (11)

The leading term fo(cp) is not universal and does indeed
already change when we modify the conventions for the
model (1). There are higher-order finite-size corrections
to the free energy, including terms of the form L™*. The
central charge is an important quantity identifying the CFT
description [1] of a fixed point. One has ¢ = 1/2 for the
critical point of the pure Ising model, but it has not yet
been determined for the Nishimori point.

In the process of computing d; we have also obtained

estimates of f ip ) for different values of p. One can either

fit these values for fip ) exactly by (11) ignoring further
corrections, in which case the data for the smallest values
of L should not be used, or one includes a correction term
of the form L™* which improves the convergence with sys-
tem size. These two approaches yield consistent estimates
for a given p. In addition, one can test that the result does
not change significantly if other higher-order corrections
are added. It should also be noted that the sensitivity of
the estimates for ¢ with respect to the location of p. is
negligible in comparison with the errors coming from the
finite-size analysis. The final result is that the following
is a safe estimate for ¢ at the Nishimori point of the *J
RBIM (more details will be given in [12]):

¢ = 0.464 = 0.004. (12)

Assuming again the universality class of percolation, we

would expect the value for percolation in the Ising model

c = 5\/45% = 0.4777 [5]. Even if our result (12) is close

to this value, it can still be distinguished safely from
percolation. This finding is one more argument that the
Nishimori point is not in the universality class of percola-
tion, at least the one expected from Ising clusters. Notice
also that the central charge does not rely on a choice of
observables, and this argument can then be considered as
the most general one.

The results presented in this Letter provide new insight
into the 2D *=J RBIM and the Nishimori point. The
main result is that, according to the magnetic exponent
and the behavior of the higher moments of the correla-
tion functions, the universality class is different from the
one of percolation, at least when considering the Ising spin
variables as fundamental observables. This conclusion is
supported by the central charge which is independent of
the choice of observables and was measured here for the
first time. These results and a detailed study of the zero-
temperature fixed point will provide general and complete
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control of the RBIM, which one could consider as the
simplest, but most fundamental, model for disordered sys-
tems in 2D.
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2.2.2 Systémes avec contraintes et dynamique lente sans désordre

Les systémes avec des contraintes forment un domaine de la mécanique statis-
tique qui suscite de plus en plus d’intérét. Dans cette section nous allons discuter
un modéle qui met en évidence les divers comportements inhabituels que 1'on
peut trouver dans de tels systémes. La présence de contraintes peut tout d’abord
donner lieu a un espace de phases de topologie ou connectivité hautement non-
triviale. Ceci peut entrainer a son tour un comportement statique, d’équilibre, trés
exotique. Finalement, un diagramme de phase trop intriqué aura aussi des consé-
quences sur le comportement dynamique du systéme qui peut se retrouver hors
équilibre, comme dans les systémes désordonnés. Cependant, le comportement
hors équilibre que nous trouvons dans ce genre de systémes est obtenu sans la
présence d’impuretés, mais a cause de raisons topologiques dues aux contraintes.

Considérons le réseau hexagonal ot & chaque lien on associe une couleur, qui
peut étre rouge, bleu ou vert (ou A, B et C). Nous allons imposer que sur les trois
liens qui rejoignent chaque vertex, les trois couleurs doivent étre présente (voir
figure (6)). Il est trés facile de se convaincre qu’il existe plusieurs fagon de colorer
le réseau tout en respectant la contrainte a chaque vertex. De fagon plus précise,
Baxter [1] a montré que le nombre de configurations possibles augmente avec le
nombre de sites N comme W avec W = 1.2087.... Cette entropie extensive du
systéme a des conséquences trés intéressantes : par une description en termes d’un
modéle de hauteurs a deux composantes [2], on peut montrer que la description a
grandes échelles du systéme est une théorie conforme, plus précisément un modéle
de WZNW SU(3); dont la charge centrale est 2. La présence de degrés de liberté
critiques peut étre mise en évidence en calculant, par exemple, des fonctions de
corrélation. Imaginons que nous prenions un chemin formé par des liens rouges et
bleus successifs. Il est clair que, vue la contrainte imposée sur chaque vertex, ce
chemin doit forcément étre une boucle fermée. Imaginons maintenant que dans
cette boucle, nous fixons deux points, comme dans la figure (7), et permutons les
couleurs rouge et bleu dans seulement un coté de la boucle. Ces deux points 7]
et 7 vont alors correspondre a des vertex ou la contrainte n’est pas satisfaite,
le premier aura deux liens bleus et le second aura deux liens rouges, on dira
qu’ils correspondent & des défauts. Nous pouvons ensuite définir une fonction
de partition ou 'on compte toutes les configurations de coloriage possibles dont
tous les vertex satisfont & la contrainte, sauf les deux vertex ou se situent les
défauts Z (71, 75). Si nous définissons ensuite la fonctions de corrélation défaut-
défaut comme le rapport entre Z(i,7) et la fonction de partition du modéle
sans défauts Z (i.e. W), nous obtenons une décroissance algébrique avec la
distance entre les deux défauts pour |7} — 7| — 00 :

Z(11,75) 1
X 5 = -
Z ‘7"1—7’2’

(47)
ce résultat est un exemple parmi d’autres qui mettent en évidence la présence
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F1G. 6 — Le coloriage du réseau hexagonal avec trois couleurs. Dans chaque vertex,
en fonction de la parité dans 'ordre tournant des couleurs, on peut définir un spin
d’'Tsing +. Ces spins doivent satisfaire a la contrainte que I’aimantation totale de
chaque hexagone soit 0, +6.

sous-jacente d’une théorie conforme, due uniquement au caractére entropique de
notre systéme.

Examinons maintenant un coloriage particulier du réseau pour remarquer que,
a chaque vertex, on peut associer un spin d’Ising +1 en fonction de 'ordre horaire
ou anti-horaire des couleurs autour de ce vertex (voir figure 6). Il est clair que, a
une valeur du spin correspondent trois configurations de couleurs associées aux
permutations cycliques que 'on peut faire sur celles-ci. D’un autre coté, toute
configuration de spins que l'on peut construire dans le réseau ne correspond
pas a une configuration de couleur particuliére (modulo Z3). En effet, les spins
construits & partir des couleurs satisfont a une contrainte pour chaque hexagone
qui est :

> 0i=0, £6 (48)

ou l'indice ¢ étiquette tous les spins autour d’un hexagone. Nous donnons dans
I’article présenté dans cette section une preuve de ce résultat basée sur une des-
cription en termes d’un champ de jauge et de quantification du flux magnétique
pour que la distribution de couleurs soit auto-cohérente.

Jusqu’a présent l'intérét de notre modéle est basé sur une entropie extensive
et nous n’avons introduit aucun terme d’énergie. Nous allons le faire maintenant
par l'intermédiaire des spins de chiralité et discuterons plus tard pourquoi ce
choix est le plus pertinent pour les conditions expérimentales que nous voulons
décrire avec ce modéle. Nous proposons alors le Hamiltonien :

H=-J Z 0i0; (49)

<i5>

ot la somme se fait sur les couples de sites < ij > plus proches voisins sur le
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Fic. 7 - Création d’une paire de défauts dans le modéle de couleurs, en permutant
les couleurs dans une boucle rouge-bleu uniquement dans une section incompléte
de la boucle.

réseau. Pour |J/T'| << 1 nous pouvons utiliser la description de théorie conforme
pour discuter le comportement du systéme en présence de ce terme d’énergie.
Dans I'article nous discutons comment ce terme introduit une perturbation mar-
ginale pertinente pour J < 0 (couplage AF) et marginale non-pertinente pour
J > 0 (couplage Ferro). De ce fait, pour J < 0, le systéme développe un ordre
AF a toute température finie, alors que pour J > 0 le systéme reste critique.
Cette approche est perturbative et valable pour |J/T| << 1 et ne peut nous
renseigner sur le comportement pour |J/T'| plus grand.

Pour étudier le régime de plus basses températures nous devons donc aban-
donner 'approche perturbative a partir de la théorie conforme et utiliser une
technique de champ moyen adaptée aux systémes avec contraintes [3]. Cette
technique correspond & une généralisation du champ moyen standard. Au lieu
de considérer un seul spin couplé a un champ moléculaire nous allons considérer
un cluster, qui dans ce cas correspond a un hexagone, et calculer la fonction de
partition de cet amas de spins en fonction d’un champ effectif représentant le
couplage au reste du réseau. Cette technique s’avére étre trés précise ; elle permet
par exemple de donner une estimation de l’entropie de Baxter pour T — o0 :
1.1726 (comparer avec la valeur exacte 1.2087), et plus important encore elle pré-
dit une transition de phase du premier ordre vers une phase d’ordre Ferro a la
température T ~ 9.872J. Le réseau hexagonal étant bipartite, en ’absence de
contrainte sur les spins le comportement pour J positif et négatif est équivalent,
avec une transition du deuxiéme ordre a la méme température des deux cotés.
Or ici, & cause des contraintes, le systéme AF s’ordonne pour toute température
finie alors que le cas Ferro présente une transition du premier ordre. ce compor-
tement est d’autant plus exotique que la phase ordonnée du cas Ferro est treés
particuliére. En effet, pour toute température 7' < T, le systéme a un ordre
ferromagnétique parfait, ou saturé < M >= 1. Pour comprendre la raison de ce
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comportement assez anti-intuitif, il suffit de se placer sur I'un des deux états de
plus basse énergie (i. e. parfaitement ordonné) et essayer de créer une excitation
pour comparer le gain entropique et la perte énergétique. Créer une excitation
élémentaire tout en respectant la contrainte consiste a choisir une boucle de cou-
leur, disons rouge-bleu, et de changer le signe de tous les spins présents dans cette
boucle. Or, dans I'état parfaitement ordonné, on peut se convaincre facilement
que les boucles de couleurs sont des chemins droits qui partent & I’infini, ou dans
un systéme avec des conditions aux bords périodiques (un tore) s’enroule autour
du tore. Une excitation fondamentale cotitera donc un prix énergétique de 'ordre
de grandeur L, la taille linéaire du systéme. D’autre part, le systéme posseéde L
de ces boucles que 'on peut créer comme excitation, ce qui donne une entropie
de l'ordre de In(L). On voit donc que, contrairement aux cas du systéme sans
contraintes ol, a toute température non-nulle il sera toujours pour des raisons
d’entropie favorable de créer des excitations, ici, dans la limite thermodynamique,
le colit énergétique 'emportera toujours sur le gain entropique, et il ne sera donc
pas favorable de créer des excitations méme a température non-nulle. Une fois
atteinte la température T, il sera plus favorable de désordonner complétement le
systéme plutdt que de créer un nombre fini d’excitations, et le systéme basculera
donc de 'ordre parfait au désordre complet. Cette particularité de 1’état ther-
modynamique du systéme a 7' < T, nous permet d’obtenir une estimation trés
précise de la température critique. En effet, dans la phase désordonné le systéme
s’équilibre facilement et 'on peut tracer sans problémes la courbe de I’énergie
interne en fonction de la température. En intégrant cette courbe on obtient donc
la valeur de I’énergie libre en fonction de 7. D’un autre coté, I’énergie libre pour
T < T, est tout simplement donnée par I’énergie interne de ’état complétement
ordonné. En comparant les deux courbes d’énergie libre on obtient le point de
croisement qui nous donne : T, ~ 9.6.J, résultat trés proche de celui obtenu par
la méthode de champ moyen de clusters.

Les propriétés a 'équilibre statique du systéme permettent d’envisager un
comportement dynamique assez intéressant. Pour envisager une dynamique de
type Monte Carlo, le premier pas consiste a identifier la mise a jour microsco-
pique, ou élémentaire dans notre dynamique de MC. Sachant que la contrainte
sur chaque vertex doit étre satisfaite a chaque mise a jour, il est clair que 1’algo-
rithme naturel pour les mises a jour est de repérer de fagon aléatoire des boucles
de couleur et de permuter les couleurs dans celles-ci, ce qui revient & inverser tous
les spins parcourus par cette boucle. Bien que ces mises a jour soient hautement
non-locales, nous montrerons dans la suite qu’elles correspondent a une dyna-
mique accélérée de la réalisation expérimentale que nous discutons plus bas. De
ce fait, tout phénoméne de dynamique lente présent dans les simulations MC le
sera déja dans le cadre d'une dynamique accélérée par rapport au comportement
microscopique du systéme réel.

Le comportement dynamique ainsi étudié est trés riche et tous les détails
peuvent étre trouvés dans 'article inclus dans cette section. Si I'on fait une ex-
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FiG. 8 — Une matrice formée de pastilles triangulaires couplées par des jonctions
Josephson. Les spins de chiralité sont situés au centre des pastilles triangulaires
et le réseau hexagonal dual est représenté en pointillés.

périence de refroidissement a partir d’un régime de haute température avec diffé-
rents taux de refroidissement on observe le comportement suivant : Une mesure
du paramétre d’ordre d’aimantation nous dit que le systéme ne s’aimante pas,
méme pour des températures trés basses et avec un taux de refroidissement trés
lent. Si en revanche on s’intéresse a ’énergie interne, on observe, toujours pour
des taux de refroidissement lents, une chute assez rapide au voisinage de 7T, avec
un comportement hystérétique assez typique des transitions du premier ordre.
Cependant, méme pour les taux de refroidissement les plus lents utilisés dans
cette simulation, la valeur de I'énergie interne n’atteint jamais sa valeur d’équi-
libre, qui comme nous ’avons dit correspond a sa valeur minimale pour 7" < T..
Si l'on fait une "photographie" du systéme a 7' = 0 aprés un refroidissement lent,
comme nous en montrons plusieurs dans ’article, nous observons que la configu-
ration d’ordre parfait n’est pas atteinte, mais en revanche, une configurations de
quasi-cristaux peut étre observée. Le systéme reste gelé dans une configuration
ou des domaines de spins + et — ont une forme de diamant avec des parois de
domaines de forme rectiligne. La forme trés particuliére des ces domaines est clai-
rement due a la contrainte d’aimantation +6, 0 qui doit étre satisfaite sur chaque
hexagone. Malgré ’absence de désordre, nous avons donc un comportement hors
équilibre du systéme exclusivement due a la faible connectivité de I'état de plus
basse énergie avec le reste de I'espace de phases. Pour comprendre pourquoi ces
domaines restent ’gelés’ dans cette configuration il faut voir quel type de mise a
jour intervient pour faire évoluer le systéme. Une fois cette configuration quasi-
cristalline atteinte, les boucles bicolores que ’on doit suivre pour permuter tous
les spins qui y sont présent forment des chemins qui traversent au moins trois
domaines et dont la longueur est du méme ordre de grandeur que la taille de
ceux-ci. La mise a jour de cette seule boucle donnera une configuration d’énergie
plus haute et il faudra donc renverser les spins de plusieurs de ces boucles avant
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d’obtenir une configuration d’énergie plus basse que celle de la configuration ini-
tiale. En d’autre termes, pour faire nucléer plusieurs domaines en un seul (et faire
ainsi croitre la taille des domaines) il faut franchir une barriére énergétique qui
augmente avec la taille des domaines. Ce phénoméne donne lieu & une croissance
trés lente des domaines, typiquement logarithmique, et ceci dans le contexte de
la dynamique de mise a jour de boucles qui peut étre considérée déja comme une
dynamique accélérée.

La description du comportement statique et dynamique de ce modéle ayant été
faite, nous pouvons discuter des réalisations expérimentales possibles. Un premier
exemple que nous ne mentionnons que trés rapidement correspond & un réseau de
kagomé supraconducteur de fil d’Aluminium a 2°K [4], en présence d’un champ
magnétique réglé de telle facon que le flux traversant chaque triangle de kagomé
soit un demi quantum de flux. Il est clair qu'un courant va se produire dans les fils
de fagon a compenser ou compléter ce flux et obtenir, soit zéro, soit un quantum
de flux (voir |[4] pour les détails). On peut donc définir un spin de chiralité au
centre de chaque triangle formant ainsi le réseau hexagonal. Dans ce contexte, la
contrainte sur 'aimantation des hexagones 0, £+6 correspond a la quantification
du flux magnétique traversant les hexagones du réseau de kagomé formé par les
fils. Bien que notre modéle donne une idée trés proche du comportement de cette
réalisation expérimentale, le terme d’énergie et 1’évolution dynamique de celle-
ci ne correspondent pas tout a fait a celle que nous avons choisie pour notre
modeéle. Ce systéme présente toute fois un comportement de dynamique lente
que l'on peut parfaitement comprendre grace a I’étude de notre systéme.

Une réalisation expérimentale que nous prétendons étre plus proche de notre
modéle, aussi bien pour le Hamiltonien que pour le comportement dynamique,
correspond a un arrangement de pastilles supraconductrices faites de SroRuQy,
un matériau qui a un parametre d’ordre supraconducteur du type p, £ ip,. Ima-
ginons que nous prenons des pastilles triangulaire de ce matériau (voir figure (8))
que nous couplons avec des jonctions Josephson. En parcourant le périmétre de
chaque pastille nous verrons donc 'argument du paramétre d’ordre changer de 0
a 27 dans le sens horaire ou anti-horaire. En passant du centre d’une aréte du
triangle & celui de I'aréte suivante, nous aurons donc une différence d’angle dans
la phase du paramétre d’ordre de +27/3. Nous montrons dans l’article présenté
ici comment le terme dominant du tunneling & travers la jonction impose que la
phase du paramétre d’ordre de chaque coté de la jonction soit la méme. Considé-
rant cette phase au centre de ’aréte du triangle, nous voyons donc que, modulo
une rotation U(1) globale de la phase de tous les triangles nous pouvons définir
trois couleurs A, B et C, correspondant aux angles 0, 27 /3 et —27/3 et qui coin-
cident de chaque coté de la jonction. A I'aide de la figure (8) nous pouvons donc
voir que nous avons une réalisation de notre modéle de couleurs dans le réseau
hexagonal. Le terme sous-dominant du tunneling & travers la jonction donnera
un couplage entre les spins de chiralité de chaque triangle qui est celui que nous
avons considéré dans notre modéle. La contrainte sur les hexagones apparait en-
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core une fois de facon naturelle comme la condition sur le paramétre d’ordre
supraconducteur pour étre univalué. Au dela du comportement statique, nous
présentons dans Particle les défauts toplogiques (vortex) qui peuvent étre for-
més le plus facilement dans cet arrangement supraconducteur. Ils correspondent
justement aux défauts de boucles que nous avons présentés auparavant et sont
précisément les générateurs des mises & jours de boucles que nous utilisons dans
notre évolution dynamique de Monte Carlo. Notre algorithme correspond donc
a une dynamique accélérée de celle de ce systéme et le comportement aussi bien
statique que dynamique que nous avons présenté est donc réaliste pour cette réa-
lisation expérimentale en absence de défauts. Il est clair que des défauts seront
toujours présents, ce qui correspond & des violations de la contrainte d’hexagones
occasionels, ce qui & son tour lissera le comportement statique si exotique que
nous avons présenté ici. Par ailleurs, pour des ordres de grandeur de temps plus
importants, le systéme ne restera pas gelé mais évoluera par la prolifération de
défauts topologiques jusqu’a I'obtention d’une configuration d’équilibre. On aura
en fait un passage du régime de temps ’courts’, oul la dynamique est gelée, &
celui des temps trés longs, avec une croissance de domaine traditionnelle, et o,
pour des échelles de temps intermédiaires, on aura un comportement dynamique
encore plus semblable & celui des verres structurels qui présentent du vieillisse-
ment. L’extension de cette étude au cas ou la contrainte forte est remplacée par
un terme énergétique qui rend possible, & des échelles de temps trés grandes, la
prolifération de défauts, nous permettrait alors de décrire les différents régimes
de fragilité de notre systéme a dynamique lente.
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Hard constraints imposed in statistical mechanics models can lead to interesting thermodynamical behaviors,
but may at the same time raise obstructions in the thoroughfare to thermal equilibration. Here we study a
variant of Baxter’s three-color model in which local interactions and defects are included, and discuss its
connection to triangular arrays of Josephson junctions of superconductors with broken time-reversal symmetry
and kagomenetworks of superconducting wires. The model is equivalent to an Ising model in a hexagonal
lattice with the additional constraint that the magnetization of each hexagar6i©or 0. Defects in the
superconducting models correspond to violations of this constraint, and include fractional and integer vortices,
as well as open strings within two-color loops. In the absence of defects, and for ferromagnetic interactions, we
find that the system is critical for a range of temperatucetical line) that terminates when it undergoes an
exotic first-order phase transition with a jump from a zero magnetization state into the fully magnetized state
at finite temperature. Dynamically, however, we find that the system becomes frozen into domains. The domain
walls are made of perfectly straight segments, and domain growth appears frozen within the time scales studied
with Monte Carlo simulations, with the system trapped into a “polycrystalline” phase. This dynamical ob-
struction has its origin in the topology of the allowed reconfigurations in phase space, which consist of updates
of closed loops of spins. Only an extreme rare-event dominated proliferation of confined defects may overcome
this obstruction, at much longer time scales. Also as a consequence of the dynamical obstruction, there exists
a dynamical temperature, lower than tfevoided static critical temperature, at which the system is seen to
jump from a “supercooled liquid” to the polycrystalline phase within our Monte Carlo time scale. In contrast,
for antiferromagnetic interactions, we argue that the system orders for infinitesimal coupling because of the
constraint, and we observe no interesting dynamical effects.

DOI: 10.1103/PhysRevB.69.104529 PACS nuntber74.81.Fa, 64.70.Pf

I. INTRODUCTION Plenty of issues arise regarding the dynamical generation
and recombination of defects, which depend on the micro-
Systems with hard constraints often display interestingscopic details of the physical system, and the energetics of
thermodynamic properties such as infinite-order phase trarthe states outside the manifold of constraint-satisfying states.
sitions or, on the contrary, very sharp first-order phase tranFor example, paying the energy cost to create a defect al-
sitions. Many of these models can be described in terms dieady slows down the dynamics; however, this waiting for
vertex models and some of them are exactly solvable. Exthe defect generation simply rescales the time scales for dy-
amples of such systems are given by dimer mobetse pamlcal evolution in atr|V|.aI way. More interesting are those
planar ice modef,or the three-coloring model of the hexago- ISSUES related to the p(_)ssmle energy costs for moving defects
nal lattice3 around. In particular, |.f the.mlcroscopms are such that the
It is very natural to ask whether the hard constraint, WhichdmeCtS(When created in pairsre confined, one would ex-

leads to the interesting thermodynamics, may at the Sam%ect further and nontrivial slowing down of the dynamics.

time pose obstructions in thépossible path to thermal Glassy behavior in constrained three-color models with
> POSt o path : infinite range interactions has indeed been recently found by
equilibration. In essence, equilibrium properties require av

. . *'Chakraborty, Das, and Kond&vThis is an interesting ex-
erages over all the configurations allowed by the constrain

X ; ‘ s mple of glassy behavior in a Hamiltonian model without
weighted in accordance with the appropriate Boltzmanngenched disorder, where it was found that the characteristic

Gibbs distribution. Dynamically, the system must sample thgjne scales obeyed a Vogel-Fulcher law as the temperature
different allowed states in a manner that satisfies detailegpnroached a dynamical transition temperature, mimicking
balance. However, leaping from an allowed configuration toragile structural glasses. In order to maneuver within the
another might require large rearrangements, and physicallyhase space of allowed states, nonlocal loop dynamics was
one must investigate which mechanisms could possibly leagnplemented.

to these moves in phase space and what are the correspond-In this paper, we study variations of the Baxter three-color
ing time scales. Sometimes the constraint forbids any locainodel with short-range interactions and discuss the possible
rearrangement of the systefas in the present caseand it  mechanism for defect motion. In particular, we argue that the
ought to be softened in order to allow for a local dynamics.loop updates used by Chakrabosryal* correspond to the
The system then evolves by formation of constraint-violatingunbinding of certain defect pairs that are deconfined, and
defects that propagate and recombine. thus they are the least costly mechanism for dynamical evo-
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lution. We find that finite range ferromagnetic interactionsgoes a lower-temperature nonequilibrium transition from the
lead to a frozen “polycrystal,” as opposed to a fragile glasssupercooled liquid phase to a frozen “polycrystalline” phase.
as in the case of infinite range interactions. We present twd he transition shows features that are characteristic of first-
possible experimental realizations using lattice arrays of suorder phase transitions, such as a hysteretic behavior as a
perconducting devices that could in principle be experimenfunction of temperature. The underlying physics behind this
tal settings for studying sluggish relaxation or nonequilib-Phenomenon is understood by studying the spin-spin auto-
rium effects in Hamiltonian systems without quenchedcorrelatlon function as well as the evolution of the internal
disorder. energy and other physical quantities when we cool the sys-
In Sec. Il we present in detail the three-color model, andem at different cooling rates or after a quench from infinite
show that it is equivalent to an Ising model on a hexagonal€mperature.
lattice, with the constraint that the magnetization of each
hexagon must be=6 or 0. In the Ising language the extra Il. THE MODEL AND ITS POSSIBLE EXPERIMENTAL
interaction that we add to the three-color model has a simple REALIZATIONS
form: it is a nearest-neighbor spin-spin interaction. Such in-

T . ) . S In this section we review Baxter’s three-color model, and
teraction is present in the possible experimental realization

. . . . Bresent two of its possible experimental realizations in lat-
of the model in two different two-dimensiong2D) super- tices of superconducting devices in some detail. We show

conducting geometries. Becgusg (.)f thg constraint imposed YHat the three-color model and these two realizations can be
the plaquettes, the system is critical in the absence of tWoélescribed as an Ising model on a hexagonal lattice, with a

spin interactions [=0) and is described by @=2 confor- plaguette constraint of 6,0 for the sum of the spins around

. 5 . . .
ga;rfleulg g;;eo%rtygr?gpéhg:/iifgf I:é’ewnfolése? it:'tshges’r(;rs'gtr']%g 0(?ach hexagon. It is important to notice that while the three-
9 P color model is onlyZ, symmetric in the Ising spin represen-

nonzero two-spin interactions. While for arbitrarily small an_tation, the superconducting realizations have a larger

e o o ot ormaneis oo oy e XU Symmely e o th superconduting phase. T
9 P ) difference is particularly relevant for the possible defects that

CFT glescrlptlor) near the=0 point is il suited for strong an originate in an allowed configuration and for their dy-
couplings. In this regime we use instead a cluster mean-fiel amic behavior

Eineestzr(ijgi;c'\/lcf)'\rgtgmzz Zaztgrrr?\/:uncrgoazetr\:sri)é:crffgﬁ N The one extra ingredient that we add to Baxter’s three-
9 Y " ._color model is a local interaction. In the Ising spin represen-

T'nd a strong flrs.t-order phase.trans!tmn where the SySterT[]r;\tion, this interaction takes the form of a nearest-neighbor
Jumps from the disordered configuration to the fully rnagne'spin-spin interaction. It has the effect, in the three-color

tlz?l?/ljgg?&aﬁgrec?zs;iﬁxfi.softened defects are allowe odel, of favoring or opposing to the alignment of bonds of
' e same color on neighboring sites. The extra interaction is

in the SySte”? ata hlgh-ener_gy scale which .e_nters n the responsible for all the interesting thermodynamical and dy-
defect formation energy and in the defect pair interactions. Iqwamical effects that are studied in this paper. Moreover, in

Sec_:. IV, e discuss the role of these defects and their ImpII'he lattices of superconducting devices these interactions are
cations in the dynamics of the system. In the superconduc Sways present

ing realizations there are a number of different defects: frac-
tional vortices, integer vortices, and open segments of closed
two-color loops. Integer and fractional vortices can be shown
to be confined below a Kosterlitz-Thouless transition tem- The three-color model consists of vertices having three
perature that can be rather high depending on the enerdyonds of different colors: A, B and C. These different colors
scale U. Thus, these defects are rather ineffective as aan be thought of as three different phases differing pairwise
mechanism to move from one allowed state to another. Wy =+ 27/3, which is how we will later connect the model to
show, on the other hand, that the end points of open segrrays of superconducting devices. One can naturally associ-
ments of closed loops made of two alternating colors arete to each vertex a chirality spitl depending on the
deconfined, they can move around and travel a whole closecbunterclockwise or clockwise ordering of the phases, as
loop, and therefore they are the main actors for the evolutioshown in Fig. 1. A hexagonal lattice is constructed with these
of the system. For defect formation rates much smaller thamertices by connecting the bonds, where the connected bonds
the defect recombination rates, this evolution correspondmust share the same color. As we show below, the chirality
essentially to the loop dynamics that we use in the preserspins cannot adopt an arbitrary configuration. Indeed, the
paper. spins must satisfy the constraint that their sum around any
In Sec. V we study the dynamics of the constrained syshexagon of the lattice i 6,0. On the other hand, given an
tem. By fitting the value of the free energy for the disorderedallowed configuration of the spins, there are clearly three
state as a function of temperature and comparing it to the ongifferent corresponding color configurations, since any glo-
of the ordered state we first obtain an accurate estimate fdyal even permutation of the colors in the lattice gives rise to
the transition temperature, which is in good agreement wittthe same spin configuration. In the absence of any kind of
the result from the CMFM. We then show that there is nointeraction this model corresponds to the Baxter's three-
sign of the above-mentioned thermodynamic transition to theoloring model on the hexagonal lattice. The partition func-
FMFS. The system instead becomes supercooled and undeien Z has a purely entropic origin and its value is given by

A. The three-color model
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FIG. 1. (Color online The gluing of the ABC vertices gives
Baxter’s three-coloring model on the hexagonal lattice. To every
vertex we can associate a chirality spin depending on the order in
which the three colors appear counterclockwise around the vertex: F|G. 2. (Color onling An example of the correspondence be-
+/— for even/odd permutations of the sequence ABC. tween the Josephson-junction array and the three-color model, pro-

vided we identify the three colors with the values of the phases of
the number of ways of coloring the bonds of the hexagonathe order parameter in the middle of each triangle edge. Notice that
lattice. This number is known to grow exponentially with the ferromagnetic order among nearest-neighboring spins corresponds
system size. Indeed, Baxter solved exactly this model antp aligning the bonds with the same color along the same direction.

showed thaz =W for large values of the number of sites ) )
N, whereW=1.20& . .. is theentropy per sité. ductor with broken time-reversal symmetry. For example,

It is worth discussing in detail how the system can rearhere is experimental evidence opg=~ipy order parameter
range from one allowed configuration to another. No singledn the compound $RuG,; " here the two possible states
bond flip or double-bond exchange is allowed without vio-Px* 1Py correspond to the chirality spi1 defined above.
lating the constraint in the neighboring vertices. However,The same geometry we propose here vithip states has
we can notice that by choosing one vertex and two colors2lS0 been studied by Moore and Lee, who in addition to the
say A and B, we can uniquely define a loop by taking theP-Wave states have also looked dit-id superconductor3,
sequence of ABB . .. bonds starting from the chosen ver- Pelieved to be realized by the recently discovered hydrated
tex. The loop must be non-self-intersecting and closed, thgobalt oxide compounds. In their work, they have also dis-
last property holding only if the system has periodic bound-cussed other type of arrays in triangular and square lattices.
ary conditions. Clearly, if we pick one such loop and we flip !N the p,=ip, Josephson-junction arrays, the three colors
the color sequence, say ABA .. toBABA ..., thecolor  correspond to the three relative phases of the order parameter
constraint is preserved. These loop fljps updatesprovide N the middle of each of the edges of the triangles, which
a mechanism for the system to move around the phase spa@ifer by =2m/3 (see Fig. 2 (To be precise, the phase of the
of allowed configurations. In Sec. IV we will show how the order parameters is defined in momentum space; but, as it
loop updates originate from local constraint-violating de-c@n be deduced from the analysis carried out in the Appen-
fects. dix, one can think in real space by considering the phases for

Notice that, given any allowed configuration, every vertexth® momenta that point along the directions perpendicular to
belongs to one and only one of such loops. Thus, by simplyhe three faces of each triangl@he superconducting order
removing all the bonds of one of the three coltsay O, we ~ Parameter of each triangle has also an overaII.U(l) degree of
realize one of the three possible simultaneous mappings dfeedom. Therefore, at the center of each of its three edges,
the system to a fully packed loop configuration on the hexne can define a phase,= ;= (2m/3)a for the triangle at
agonal lattice which, at large scales, can be described by aite i, along itsath edge @=0,1,2), where the edges are
SU3) level 1 Wess-Zumino-Novikov-Witten(WZNW) labeled counterclockwise starting from the horizontal one
model® (see Fig. 3 The = sign corresponds to the chirality,=

The three-color model becomes even richer when we in=1 of the p,=ip, state at sitd. The Josephson coupling
troduce a nearest-neighbor spin-spin interaction in the Ising-U cos@ .— 6 ») along an edge shared by two neighboring
representation, which we do in Sec. Il E, after we discuss th&iangles tends to align the phasés, and 6; ,. In the U
experimental realizations right below. —oo |imit one recovers Baxter’s three-coloring model,
modulo a global U(1) phase. Notice that, in this infinife
coupling limit, the only difference between this system and
the three-color mode(in the spin representatiprescribed

A possible experimental realization of the model is givenin the preceding section isZg X U(1) symmetry instead of a
by a Josephson-junction array of triangles of a superconsimpleZ, symmetry. We will show in Sec. IV how this dif-

B. The Josephson-junction array of superconductors
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og=2> 0;=+60. 1)
ieP

A similar result was obtained by Di Francesco and Guitter
when connecting the folding problem in the triangular lattice
to the three-coloring modéf. In our proof, we make use of
phases accumulated along paths on the hexagonal lattice, re-
quiring that these phases are single valued. This approach is
more appropriate to the discussion of superconducting sys-
tems and their defectSnteger and fractional vorticgghat
we present in this paper.

Indeed, as we show, one can obtain a simple interpretation
of the hard constraint by identifying the accumulated phase
around any loop lying on links of the hexagonal lattice with

FIG. 3. Labeling of the edges of the up and down triangles, withthe circulation of a vector potential. For concreteness, we
the relative unit vectors; ,. While the chirality spinsr, sit at the ~ Wil use the example of the Josephson-junction array in the
centers of the triangles, the “gauge” fieldsn example of which is  discussion, but the argument is general.
shown in one of the trianglgsit at the midpoints of the segments ~ The phases; , on the edgea of the superconducting tri-
joining the centers of the triangles to the corresponding edges. Exanglei can be written as
amples of the U(1) phasé, and of the edge phase, ., a . .
=0,1,2 are also shown. Oia=6i+€ 4 Aia, (2

ference allows for a wider variety of defects in the whereéi,a is the unit vector that points from the Eenter of
Josephson-junction array rather than in the three-coloringrianglei to its ath edge, and the “gauge” potenti#,; , is

model. defined at the center of such segméste Fig. 3.
The phase difference across a facbetween triangles
C. The kagomenetwork of superconducting wires andj is
Another (related realization of the three-color model is 00— 0,.0= 6, 0, +[éi,a"&i,a_éj,a"&j N 3)

given by a superconductingagomewire network in the

presence of a magnetic fiéfd?such that the magnetic flux The last term is simply the discrete sum equivalent of
per triangular plaguette is one-half of a flux quantufn ( fd[=A (notice that for neighboring sitdsj the unit vectors
=1/2). Using a Ginzburg-Landau analysis, Park and Fuse e opposed; ,= _éj a)-

showed that the possible superconducting phases must have ] ’ it§. .= 6 .

a gauge-invariant phase change around each elementary tHéllq\Icc:EV\/tt:gc\?él(:tg?tpg:\een:i:;niswsrﬁghath;,+(27-r/3)a o and
angle equal tat 7w and a gauge-invariant phase change along

each wire segment equal to7/3. They also show that the - 2

allowed minimum free-energy states of this model are ei,a'Ai,a:?an . 4
equivalent to ground states of tkeY kagomeantiferromag-

net, which are in one-to-one correspondence to the three- What is the corresponding magnetic field? This is simple
color model configurations, modulo a U(1) phase analogougo answer, by looking at the accumulated phase around a
to the one in the Josephson-junction array. Fhe chirality  |oop. Consider an elementary counterclockwise hexagonal
spin can be immediately read from the value of tbeunter-  loop. The loop visits six triangles, and the portion of the loop
clockwisg phase change around each triangle, i.e., from  within each triangle enters through faaeand exits through
the value of the induced flux through each triangle: 0 or 1face a—1 (mod3, so that the accumulation of the vector
flux quantum. Even though this realization seems quite simipotential along that portion of the loop is

lar to the previous one, there are differences that arise mainly

from the fact that time reversal is explicitly broken by the A S S

“ 2
external field in the wire networks. For example, ther €a-1Aa-17€a A= 3 (@-1)oi— Z-ao,
chiralities do not have the same energy in the case of wires
of finite width. We refer the reader to the thorough discussion 27
of the energetics by Park and Hu'e. -3 % ®

The above result, that each of the six sites visited by an
elementary hexagon loop contribute27/3)o; to a coun-

The hard constraint of the three-color model imposes derclockwise accumulation of phase around the loop, has a
hard constraint in the allowed configurations of the chiralityvery simple interpretation. Each Ising spin=*1 corre-
+1 Ising spins. Here we show that in the spin representatiosponds to ar 27 vortex sitting at a vertex of the hexagonal
the hard constraint requires that any elementary hexagon#dttice. Each vertex is shared by three hexagons; hence each
plaguetteP must have total magnetization: hexagon can be thought to contain 1/3 of that vortex, as

D. Mapping to a constrained Ising model

104529-4



DYNAMICAL OBSTRUCTION IN A CONSTRAINED. . .. PHYSICAL REVIEW B69, 104529 (2004

E. Interactions

1/3 Each experimental realization of our model contains sub-
dominant effects that may lead to a degeneracy lifting of the
1/311/3 ground state. In this paper we concentrate on the effect pro-
duced by nearest-neighbor interactions between the chirality
spins:
H=—2 Jaooy, 7

(1)

FIG. 4. Avortex sitting at each vertex in the hexagonal lattice iswhere the couplingl depends on the microscopic details of
shared by three hexagons. Hence, the contribution to a countethe problem. Such a coupling can arise, for example, if one
clockwise accumulation of phase around a hexagon encloses ongonsiders the higher-order effects of having an extended
third of each of the six vortices sitting at the six vertices in the |°0p-Josephson-junCti0n barrier between two neighboring tri-

angles in the array geometry. In the Appendix we show how
depicted in Fig. 4. This is why the contribution from the to derive the constantd andJ from a microscopic Hamil-
hexagonal path going through vertexyicks up the phase tonian for the array of Josephson couplings and we discuss
—(2m/3)o; as shown above. Basically, the vortex is dividedthe conditions for havingy>J. The sign of thel coupling is
equally among the three neighboring hexagons sharing thgositive in this case.

common vertex. _ This nearest-neighbor interaction leads, in the color lan-
Using Eq.(5) we can now compute the flux encircled by guage, to an aligning or antialigning interaction between the
an elementary hexagon on plaque®eit is given by bonds, depending on the sign of the coupling consiat it

can be easily seen with the help of Fig. 2. Bgrositive, the
o o spin interaction is ferromagnetic and the zero-temperature
DP=—2m/32, oj=—2ml307. (6)  ground stateg.s) of the system has all the bonds with the
<P same color aligned in the same direction. We will refer to
Therefore the flux enclosed by an elementary hexagonal Ioothis translation invariant state as the FMFS state or single
o Lo L grystal state. Fod negative, the spin interaction is antiferro-
is just 1/3 of the sum of the vorticities in the six sites. Now, agnetic and the zero-temperature g.s. of the system is a
Ir:)]gécrr]g:q%i:fe]g t?\cgop:hzzgegguifctje;ngilohngx:grgﬂntg Egyug:gﬁialnfiguration where the six b(_Jnds in every_hexagqn form a
' S . é’equence of only two alternating colors, which is simply the
defined (modzr), WhICC|’>I in turn requires the f|LCJ>X to be a Néel order in the hexagonal lattice.
multiple of Zg:_ 2ml30p=0 (mod2m), that is,op=*6,0 In the following section, we discuss the thermodynamics
(notice thato is evern. Since the total flux inside any l00p of this system considering only the phase space of the con-
is given by the sum of the fluxes through each elementaryigyrations allowed by the ABC coloring constraint or,
hexagon, then the conditioms=+6,0 grants the phase to equivalently, by therS=+6,0 constraint.
be uniquely defined (mod2) around any loop.
Once theoS =+ 6,0 constraint is satisfied, there is a one- IIl. THERMODYNAMICS OF THE DEFECT-FREE MODEL
to-three mapping of any spin configuration to a configuration
of the color model, since there are three even permutations of A. Small J and the CFT description
the colors that produce thg same chirality spin configuration. gjnce the model without interactions can be described by
_In the case of the kagomeire networks at half-fluiper 5 ywznw CFT, it is tempting to use this technique to analyze
triangle (or vertex of the hexagonal lattigeeach triangle will  jis pehavior for small values of the spin-spin interaction.
accommodate either 0 or 1 vortex. So insteadef +1 one The first step is to represent the system by a height model
has a variable; =0,1. Still, the vortices are split equally into (see Kondevet al. for detail$). Flat configurations of this
three pieces, and the circulation around a hexagonaﬁeigm model correspond to the differenfélistates of the
plaquetteP going through the centers of the kagomtie  system. In terms of the colors there is a total of six of those
angles is (2r/3)Np=(2w/3)%;pn;. The circulation is a configurations which are arranged to form an hexagonal lat-
multiple of 27 if Ng'=6,3,0. Indeed, the fact that the vorti- tice. The coarse-grained version is described by two fields
ces in the elementary t(ianglgs are shared by thfee sites WHS- (h, ,h,) and a locking potentiaM(h) that favors the
used by Park and HuS&in their argument for fractionalized fie|ds to lie in one of the flat configurations: this potential has

vortices in the kagomeuperconducting wire networks. then the periodicity of the hexagonal lattice. The action reads
For finite U, there are defects that violate thg=+6,0

constraint; we shall discuss these defects in detail in Sec. IV, T .
where we study integer and fractional vortices, as well as S:f de(g’Vh
open segments of closed two-color loops. We analyze

whether these different defects are confined or deconfinedn this language, the spin-spin interaction introduces a per-
and their importance in determining the ilk of the processegurbation which is proportional to the “locking potential”
responsible for the dynamics. since, depending on the sign df it favors or opposes the

2+V(ﬁ)>. (8)
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locking in one of the flat configurations. In the WZNW lan-

guage, the locking potential can be written as a current- LLLLLELT L) b))
current perturbation of the underlying WZNW model. ;?;?? ? ? f f f é % % % % {
When the spin-spin interaction is turned on, we can use 77777700 0TI Ty
this description to propose an action for the perturbed CFT. cor7777100 01 it (1Y
Since the A,B,C permutation symmetry is preserved, we can coo77777100070] L1y
argue that the perturbing term to the pure CFT action should ceesr7771170 11 I L1
read cecrs /)] bV
[ el Z s ond 3 apomesnan massst AN | 15eh
s/ ] L)Y
wherea;’s are the generators of the root lattice of3), and :\\::iiii ? é ﬁ k % k
the Cartan generato®'i are simply given by the derivatives N5 WA\
of the height field$h; . The case\g=\ corresponds to the NN/ /] Y
SU(3) symmetric case. The one-loop renormalization-group NN/ ] \\
(RG) equation in this case reads NN 7 EVN AN\
NIRRTV VNN
C 3 2 AL VL N L N W L W SN

A=—5—\%, (10 IR 0

2 5h

and for \>0 the flow is toward the unperturbed level 1 ) )
SU(3) WZNW model, which can be identified with tge __'C: 5 Diagram of the RG flow for our model, where the hori-
zontal axis corresponds @\ and the vertical to.g . The solid lines

=0 case. In general, however, we just have the A,B,C per; re numerical solutions of the system of equati¢tl® for three

mutation Symmetw, and we cannot exclgde the possibility Otgil‘ferent initial conditions, and are drawn for visualization purposes
An# \g. Defining SA=Ay—\g, the RG is now

only.
ON= p O\ N, instead of a single spin, a cluster in which the allowed spin
configurations are restricted by the constraint. The bigger the
3 1 cluster, the more accurately fluctuations and constraints are
Ne=— E)\E_; SN \g, (11 taken into account. This method has given very precise re-

sults for the ice mod@land is a good candidate for giving an
where, at least for a small spin-spin interaction, we assum@accurate picture of our constrained spin model in the hexago-
|6\|<\g. The RG flow is as followssee Fig. 5 For sx  nal lattice. - _ _ _

>0, the system flows to the line of fixed poinis.=0. It is particularly sn_nple to mtrodu_ce the CMFM in the
While the SU(3) symmetry is broken, the system remain<ase of a corner sharing plaquéttiattice with Hamiltonian
critical. We propose that this case corresponds to a ferromag-

netic interaction, since it is equivalent to a decrease of the

locking potential. This result is valid for small interspin cou- H=2 Joi0;+h> o, (12)
plings. As we show below, for large enough couplings a first- b !

order phase transition takes place. Since this is highly non-

perturbative in the CFT language, this scenario is muclyhere the range of thé; ; interaction is shorter than the
better described by the cluster mean-field method that wgistance between the two farthest spins in a plaquette. This is
explain below. For an antiferromagnetic couplingh <0  the case for the present system. Let us assume that the lattice
and the flow goes toward strong coupling, bringing the syshasN spins and RI/S plaquettes, where each plaquette Bas

tem off criticality and forcing the system into antiferromag- sites. The sums in the Hamiltonian can be rearranged as
netic ordering, as was argued by Huse and Ruteribéng

their studies of the related classical kagoX¥ model.
H= Jijojoi+th2, oi|—h2, o, 13
B. The cluster mean field method: General approach ; i,jEEP R i; ' EI ' 13
The CMFM is a technique that has proven to be very

powerful in studying structural phase transitions in crystalswhere the first sum is over all plaguettesand the last term
and the thermodynamics of vertex mod&M/hen a system compensates for the double counting of the site energy term.
is constrained, fluctuations are considerably reduced and arhe mean-field approximation is obtained by considering
appropriate mean-field treatment can give very good resultsach term as the sum over an elementary clustes and 1
if the constraint is taken into account. The idea is to considespins, respective)ycoupled to an effective field representing
as the fundamental entity coupled to a “molecular” field, the interaction with the rest of the lattice:
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HZZ—N 'Ep ‘]i,jo'ia'j+(h+¢ext),2p T —N[(h+¢)0'|]
ije ie
N
= 5 Hs=NH, (14

whereHg andH; are theS and 1-spin cluster Hamiltonian,
respectively. Hereg and ¢, are proportional to the number

of spins that are external to the cluster but connected to th&
internal spins. Since for the 1-spin clusters such number of

external spins is twice the number for tBespin clusters, we
have p=2d¢q,;. Let us now define the effective internal en-

ergy per spin

2
8:§<Hs>s_<H1>1: (15

where(- - -)gand(- - - ); are the thermal averages computed

with Hg andH4, respectively. Integrating then over the in-
verse temperatur@ we get an effective free energy:

2
BF=— éln Zst+InZq, (16

whereZ;=Tr{exp(—BH;)}, i=S,1, and the integration con-
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FIG. 6. Plot of the internal energy per link as a function of the
temperaturdin units of the coupling constad). The solid line is
the prediction from the CMFM and the doted-dashed line is the
result from the numerical simulation.

H

= (19

_‘JE Sal

stant has been chosen such that in the case of unconstrainatiere the index refers to a link of the hexagonal lattice or
spins we get the trivial entropy In(2) at infinite temperature.a site of the bidual kagomlattice. The CMFM implementa-

Minimizing the effective free energy with respect ¢o

JF

750

17

tion is particularly easy since in this picture we just have an
effective magnetic field in Eq. (12). The clusters that we
use are the single-spin cluster and the elementary hexagon
cluster(with 11 different configurations for th® sping, and

the corresponding partition functions are given by

is equivalent to imposing the self-consistency equation for

the magnetization:
(o)s=(o)1 (18

and it gives us the optimal value for the fielt, which

Z,=ax?+1/(ax?),
Zg=a’+a °x %+ 3(ax)?+6/(ax)?, (20

wherea=ef? andx=e”?2, We can now obtain the values

determines the behavior of the system at a given temperaopt COrrésponding to the minima of the effective free en-
ture. An important benefit of this method is the fact that itergy- Notice thatg,p, determines the equilibrium value of
can be extended to larger and larger clusters. This allows Us>). i-€., of the internal energy per link of the original sys-

to improve systematically the accuracy of the results.

C. Application of the CMFM to the defect-free model
In order to be able to apply the CMFM to our problem in

tem. This method predicts the following scenario: for
—o we have(S)=1/3, which corresponds to an antiferro-
magnetic coupling in the system solely due to the constraint.
This nontrivial value of the energy density is very close to
the result obtained with the numerical meth@ge Sec. V.

a straightforward way, it is convenient to switch to a bidualThe cluster mean-field method also gives a reasonable esti-

representation and describe our system in terms of spjns
=1 sitting on the links of the hexagonal latti¢eee Fig.

mate for Baxter’'s entropy in the limiT—oo. Substituting
Eq. (20) into Eq.(16) and taking the limitT—oc we obtain

7). These spins are given by the product of the originalthe entropy per sit&=In(11/8)/2=1.1726, while the exact

chirality spins o; at the two vertices of each linkS;
=oj0;. Obviously, the number of configurations of tige
spins is half the number of originat spin configurations,
due to theZ, invariance of the produat;o;. The advantage
of this mapping is that our lattice becomes now therner
sharing hexagonskagomenet in which each spir§ is

value is 1.208 . . . . Since the analytical expressions for the
forthcoming quantities are too cumbersome, we just mention
here their numerical values. At=9.872] the system under-
goes a first-order phase transition in which the energy den-
sity jumps from(S)~0.05 to a fully polarized state in which
(S) is exactly—1 (see Fig. 6. This transition has been first

shared by two elementary plaquettes. In this description, thaoticed via transfer matrix analysis by Di Francesco and
Hamiltonian(7) restricted to the nearest-neighbor interactionGuitter'® in the context of a folding transition. Our CMFM

reads simply

result is very close to their estimated critical temperature
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(9.13) and even closer to our Monte Carlo estimate]l9€ee teraction due to the constraitfor which each spin interacts
Sec. VAJ. In terms of the original spins, this behavior with all the 12 spins belonging to the three adjacent hexa-
corresponds to the exotic scenario in which the magnetizegons.

tion jumps from O to the fully saturated value 1 at the critical

point, as was argued by Di Francesco and Gutftarsimilar D. Free-energy argument for a first-order phase transition

kind qf transition is a71Iso found in a frustrated spin model on  The key point for understanding this particular phase tran-
the triangular latticé,” which turns out to be equivalent to a sition is to understand the very peculiar nature of its FMFS
dimer model on the hexagonal lattice. Such kind of transitionyround state. As we already discussed before, in the FMFS
is accompanied by slow dynamics and aging. As we will setate all the bonds of the same color are aligned in the same
below, slow dynamics is also a central issue in our case. direction. As a result, any two-color |00p is maxima”y
Another temperature that we can compute via the CMFMstraight and winds around the whole system. Thus, the small-
is the spinodal temperature of the system. This is typical okst possible rearrangement of the FMFS configuration that
first-order phase transitions, where an appropriate fast cooproduces another allowed configuration is the update of one
ing process can avoid crystallization and bring the systenof such loops. This is a striking feature of the ferromagnetic
into a supercooled liquid phase. The spinodal temperaturthree-coloring model: the g.s. is separated from the (st
Tsp is the temperature at which the supercooled liquid beloop) “excited” state by a system-spanning update which
comes unstable due to the crystal nucleation process. In thgdsts an energy:Ej joop— Epvps=2JL, where Egyes
case, we can study the shape of the CMFM effective free= —3JL? andL is the system size (2 sites, 3.? bonds.
energy as a function ap for different temperatures. Starting Notice that if one prepares the system in The0 FMFS and
from T~ and lowering the temperature, the minimum cor- starts to heat, the system is I|k_ely to remain in that state even
responding to the liquid phase first becomes a local minifor T—¢ for fast enough heating rates. Indeed, such an en-
mum (metastability and eventually disappears. This meta- €9y separation is likely to make the FMFS state metastable

stability limit corresponds to the spinodal temperatiitg, eE/e:-[n EJFTHOO, in tthe therrr:joghynamtic |imit.fSin<;e FhﬁtFMFO?
~7.56 of the present model. state has zero entropy and the entropy of a straight winding

The choice of the bidual spin representation to implemenlOOp Is In(d), we can write the free energies of the two

the CMFM is due to the fact that the system becomes astates

model for which the CMFM is particularly suitable. Indged, Fevrs= — 3JL2,

in terms of the bidual spins, the system becomes a kagome

lattice seen as an array of corner sharing hexagons, in which F1-00p= —3J L24+2JL—TIn(3L). (21)

now the new spins are sitting at the vertices. By associatin . S
to each of the 11 configurations for each hexagon its corre%IZ?\;%évggfhtzgﬂzﬁlggglgslnm Eh:ngqﬁ;ggxiﬁ sl_ate

sponding energy, the model can 'C_IISO be described as an il never be favored over the FMFS state at any tempera-
vertex model on the triangular lattice dual to the hexagonalture_ A similar argument applies to higher excited states, as

This choice of variable usually limits the _ana_lysis since it|Ong as their entropy is not exponential in the system size.
does not allow us to measure the magnetization of the SySrne system is incapabl@t equilibrium to move out of its
tem, which is the typical order parameter used to study phasgound state in a “smooth way.” In terms of configurations,
transitions. In the present case however the energy densify has to jump from a fully ordered state into a state with
variable gives very good results in the characterization of theinjte-domain size. Since it is reasonable to assume that a
system since the transition is first order. For continuouginite-domain-size configuration has negligible magnetiza-
phase transitions the situation is different. Even though theion, we can intuitively understand the origin of the complete
CMFM still gives a quite accurate result for the numericalfirst-order phase transition observed with the CMFM.

value of the energy densifyn contrast to the normal mean-  The peculiarity of this transition and the relatively small
field method, it may fail in reproducing a subtle behavior variation of the internal energy in the disordered phase make
such as an infinite slope point @, in the energy vs tem- it possible to obtain an estimate for the transition temperature
perature curve. In this case, measuring the magnetization &fy comparing the free energy of the FMFS configuration
the system is a much more powerful tool to detect and study\lith the free energy of the disordered configuration. In order
the second-order phase transition. Thus, one needs to gé& compute the free energy of a disordered configuration, we
back to the original spins instead of the bidual ones. Implel!S€ the average infinite-temperature internal energy of the
menting the CMFM technigue within the context of the real SYStemE..=JL®, an estimate derived via the CMFM in the
spins has two main disadvantages in our case. On one har{y’ecedmg section and confirmed by ,the numerical results
the spins do not form corner sharing plaquettes, and relating>©€ Sec. Y Then, we can use Baxter's exact result for_ the
the mean fields acting on the one-spin cluster and on th esidual entropy as an estimate of the entropy and optaln the
six-spin cluster becomes more difficult. On the other hand! €€ €nergy of a disordered state at all temperatures:

since the couplingl is a two-spin nearest-neighbor interac- _ 112 2

tion, a singlepvaﬁ]ational megn field cannotg take simulta- Faisorgereq™JL"~ T2L7In(1.2087. 22
neously into account both theinteraction(for which each By comparing the free energy of the FMFS st&igyrs
spin interacts with its three neighbomnd the effective in- = —3JL? with FgsorgeregWe Obtain an estimate for the tran-
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sition temperature 2 (In 1.2087)=10.55), which is reason-
ably close to the result from the CMFW,=9.872.

IV. DEFECTS AND THEIR ROLE IN THE DYNAMICS

In this section we discuss the importance of defects in +
determining how the system can, dynamically, move from
one of the allowed low-energy configurations to another. For
concreteness, let us start by discussing the Josephson-
junction arrays, i.e., the case #§<U(1) symmetry. _

A. Integer vortices

For finite U, it is best to understand the system in terms of
the chirality Ising spins, pluXY spin waves of the U(1)
sector. The lowest-energy excitations over any configuration
with Ising spins satisfyingos=+6,0 are topologically FIG. 7. A pair of +1/3 vortices created by a nearest-neighbor
trivial (no vortices XY spin waves. spin exchange. The solid-line lattice represents the kaguetweork

Whenos =+ 6,0 is preserved, vortices of the U(1) sector considered by Park and Hug®ef. 12. The Josephson-junction
can only have vorticity that is an integer multiple ofr2  triangular array is represented instead by the bold triangles. The
These vortices cost an energy of order of magnitugieghe  corresponding hexagonal lattice in our model is shown only around
vortex core energy. The U(1) phase twist leads to the usudhe two defectgdashed ling In the bottom right part of the picture

logarithmic interaction between a vortex/antivortex pair, \(I:V(I\B/IFSI\l;IOW the mapping to the bidual representation used in the

&=U27InR. (23

S‘phase twist that scales with the distamdeom the defect as
1/(3r) (in units of the lattice spacing

The U(1) phase twist leads to a logarithmic interaction
Petween a fractional vortex/antivortex pair a distariRe

and these pairs are confined below a Kosterlitz-Thoules
type transition at a temperature scﬁl&ér)ocu. Since we are
interested in the regime of temperatufiegsU such that the
three-color constraint is enforced, these integer vortices wil

" apart:
be confined.
Now, what are the accessible excitations that break the 5
O__ H o
op=*6,0 constraint? &V —2In R. (24)

B. Fractional vortices Thermodynamically, there is an entropic contribution to the

A fractional vortex excitation is illustrated in Fig. 7. Such free energy, which was calculated by Moore and {.emd
fractional vortices are always created in pairs via a nearesshown to also be logarithmic. Therefore, there is a confining
neighbor exchange of opposite pointing spins and they haviansition of the Kosterlitz-Thouless-type at a temperature
been discussed by Park and Hitfse the case of the super- Tf}f)ocU/Q. If the Josephson coupling is large compared to
conducting kagomeetwork. A fractional vortex excitation the temperaturd, which is the regime we are interested in,
corresponds to a single hexagon that violates = then one is deep in the confined phase, and fractional vorti-
+6,0 constraint. We define its fractional vorticity 45  ces are rather ineffective as a source of phase-space recon-
=2mv=(27/3)of (mod27). Thus, we haver=+1/3 for figurations.
oS=F2 oro5=+4.

The presence of defects causes a fractional accumulation C. Open segments of closed two-color loops

of tpealink sum of the vector potentid, ,, the equivalent of There is a special way to flip Ising spins along certain
$dA in the continuum limit, that equals=2w/3  strings lying on the hexagonal lattice that, while violating the
(mod2m). Once again it is useful to resort to the picture in ¢-5= = 6,0 constraint, only costs energy at the extremities of
Fig. 4 to understand that only one-third of the vorticity asso-the string, irrespective of its length.

ciated to an Ising spin at a vertex is included in the circula-  To understand these excitations, let us start by looking at
tion around an elementary hexagon, and hence the flux ihe simple case of a single spin flip that violates the con-
j2mop. straint on three neighboring hexagons. In terms of the color

To minimize the energy cost across the Josephson jungnodel, all colors remain perfectly well defined, with the ex-

tions, the superconducting phasésin the triangles must ception of the one vertex where the spin flip occurred. The
adjust accordingly to pick this extra phase differenceenergy cost of this defect is of ordé&r. It is possible that
+27/3. Hence, an excited state that breaks dtje=+6,0  locally adjusting the U(1) phase near the defect might
constraint in the Ising sector must be accompanied by a U(13lightly relieve this cost, but we have not investigated this
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FIG. 8. (Color online Defect
pair at the end points of an open
string, with end points highlighted
(shaded circlesand the relative
two-color path(bold links) shown
in a configuration of the three-
color representation of the model.
The end points can travel freely
along the path via nearest-
neighbor color exchanges, such as
the one outlined by the double ar-
row. Eventually, the two end
points recombine by either ex-
changing all the bonds along the
path or by leaving them all un-
changed.

issue. A single spin flip could split into@«1/3 and+2/3(or  and is of ordelJ, as long as the sequence of spin flips moves
equivalently, a— 1/3) fractional vortex pair. These, however, on its two-color track. The end points can be thought of as a
are confined together at low temperatures comparéd, &s  defect pair connected by a string. This special path is hidden
we argued above. in the constrained Ising representation, but is clear in the
In the three-coloring model, this spin-flip defect corre- three-color ongsee Fig. 8 The defect pair, once formed,
sponds to the initial step of creating an open segment defegln diffuse around the one-dimensional loop, and it has two
described hereafter. Out of the three bonds departing frorghannels to decay back into an allowed state: either the de-
the spin-flipped site, two must have exchanged c@loor-  fects recombine by going around the whole loop, leading to
der to change the chirality of the verfexthus violating the  ho BABA . .. configuration, or they recombine without

color matching with the corresponding two neighboringWinding around the loop back to the original ABA . .

;:tgst\',\,lcf, vr:/:i ny?[\;\é m}ovgittgsesaenéwoeffglﬁgiﬂeffﬁésSﬁ?nrgngrifr%rgfonfiguration. These are the defects considered by Kondev
9 9 P 9 9N3Lt 415 In the CFT description, they correspond to vertex op-
color exchange, we can propagate the defects at zero ener

cost along a predefined path. Indeed, every color exchan ge¥ators with conformal dimension 1/2. While, as we men-
. ! g{loned, for a fixed configuration of colors there is no confin-

will fix the previous color mismatch and create a new one, f b ; Hoctive | .
one lattice spacing apart. Notice that this process will flip alli"d force between pairs, an efiective interaction appears

the spins between the two end points along the path. It i@€cause of entropic reasons, producing an algebraic decay
useful to recall the color description of the allowed low- with the separation distance for the partition function in the
energy states. Imagine one follows an ABA. . sequence Presence of such defects. However, for the dynamics one is

that always forms a closed loop in an allowed configuration'eally interested in the cost for a given configuration. There-
We have already seen that flipping the whole loop tofore, the formation and recombination of these defect pairs

BABA ... maintains the system in an allowed configura-constitute the main mechanism responsible for the dynamical
tion. It is also trivial to show that this update flips all Ising evolution of the system.

spins visited by the loop. While this is a rather nonlocal The defect formation time just enters as an overall rescal-
move, starting from a single spin fliiwolor exchangeand  ing of the time steps for loop updates. Also, since the time it
propagating the color defects as above, we can realize thiskes for the defects to move diffusively around the 1D loop
move through a sequence of local updates. Instead of flipis algebraic in the loop lengttand not exponentiglwe can
ping the whole loop at once, one can do it in steps, flippingneglect this correction and simply treat the whole loop up-
the spins along a piece of the loop sequentially. Notice thatlate as a nonlocal elementary move, now with a justified
the energy cost of this string is paid only at the end pointdocal origin.
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V. DYNAMICS phenomena to play a role in this case.

. . In this section we consider only the case of ferromagnetic
In order to study the dyrllam|c.propert|es. of the system, Wenteractions and we sét=1 as the unit of measure of ener-
Lise Zqute Carlo(MC) S|mulat|on techmqges of _am_\l gies and temperatures. In order to be able to access large
=2L%site hexagonal lattice (¥ bond$ with periodic  gimyjation times, we choose the smallest system size for

boundary conditions. As we discussed in Sec. II, the choicghich our results do not show a significant dependence on
of the single-step update is nontrivial due to the color CONsystem size l( =18).

straint. In Sec. IV we argued that the open segments of
closed two-color loops are the main actors in the dynamical
evolution of the system, based on energy and confinement
considerations. Thus, without loss of generality, we consider 1. Estimate of the thermodynamic transition temperature
ﬁgﬁ;o\?\i :?:oaissfrieslcﬂ?altethscteerztgpgfit()ersrngzic?::)fl\{tlk(]:e tc?sgn. The .first resu]t that we obs_erve bpth ip cooling/heating

' ) simulations and in quenching simulations is the phase-space
segment defects is low enough not to allow for defect Pro<golation” of the single-crystal phase or FMFS. Even
liferation (i.e., for the intersection of two different open seg- though at equilibrium the system must eventually favor the
ments before they recombine FMFS, we were unable to reach it within any simulation
~ To implement a loop update we proceed as follows: W&jme yp to 16 MC steps. The system prefers to settle into a
first choose one site and two colors at random; then we coMzgzen polycrystalline(P-xta) phase with zero or close to
pute the energy difference in the system for the update of thgaro average magnetization, and with very slow, event-
corresponding loop; eventually we accept or reject the Upgominated dynamics. In Fig. 9 we show the time evolution
date based on the usual Boltzmann probability. Notice thalyf the system after a quench in temperature frfém to
with this choice of the single MC step, the update of a loopt—g o, After a single MC iteratiofiFig. 9], only a few
takes one unit of time, independent of its length. In & poSymg)| crystalline seeds are visible in a disordered liquid
sible experimental realization we expect the two ends of abackground. These seeds quickly develop into well-defined
open segment defect to walk randomly along the Co”eSponcbomains[Fig. ab)], whose size grows with time until the
ing closed path, until they recombine. Thus, our MC dy”am'system becomes frozen into the P-xtal phigig. 9(d)]. No-
ics is accelerated and the rescaling of our MC time Withiice the domain boundaries following the *“crystalline
respect to a possible “real” time is highly nontrivial. Since planes” of the hexagonal lattice in the polycrystal. The de-
we are interested in studying the slowing down and freezm%endence of the crystalline mass on time t reflects the

of the dynamics in the three-coloring model, we choose tGemgarkable slowing down in the dynamics once the system
use the accelerated loop dynamics in order to be able tgnters the polycrystalline phase.

sample much longer time scales, otherwise inaccessible with gy,an melting simulations starting from the FMFS phase

a realistic update mechanism based on defect formation angq increasing the temperature are not useful to estimate the

recombination. _ transition temperature. Indeed, they result in a large overes-
In terms of the loops, one can notice that the two orderegimate of T,, since the melting time remains much larger
configurations FMFS and ¢ (ferromagnetic and antiferro-  nan the simulation time well above, .

magnetic, respectivelycorrespond to the two extrema in  The only measure we can achieve of the thermodynamic
loop curvature. In the FMFS configuration, the loops areyansition temperatur&, is by computing the free energy in
completely straight loops, winding around the whole system,q jiquid and crystal phases by integration of the internal
In the Neel configuration, the loops are maximally curved energy. For a single crystal we know thiag,rs=—1 at all

into single-hexagon loops. For these reasons, we expect q@mperatures wherle=F/(3L2) is the free energy per bond.
entropic jamming in the approach to the FMFS state, for & e jiquid phase, we use the curves in Fig. 13 showing
ferromagnetic choiceJ>0) of the interaction, as discussed o dependence of the internal energy on the temperature.
in the case of infinite range interactions by Chakrabortyygtice that the asymptotic value of the internal energy at
etal.” Indeed, entropy favors rough and entangled |00pS;nfinite temperature is different than zero. This is purely due
V\{hlch in the mﬂmt&-temperature limit have a fractal dimen- g he constraint, which appears to be slightly antiferromag-
sion equal to 1.8:' This creates a phase-space bottleneckeric in nature. A simple way to visualize this effect is to

due to the small number of configurations that allow theyg,y 4t an infinite-temperature configuration after performing
system to reach the FMFS state with straight, packed 100pg; gpin-fiip operation on one of the two sublattices of the
On the other hand, the approach to theeNstate in the hoya40na] lattice. The result is shown in Fig. 10.

antiferromagnetic interaction ca§é<(0) is much smoother An appropriate fit of the common high-temperature region
for the system. Even though this state has zero entropy bys ihe internal energyper bond curvest

itself, single-hexagon flips allow the system to achieve a gain

in entropy of the order of 1h? with an energy cost of the

order of &. Indeed the Nel state corresponds to theeal Eiquia(T)=c—alT® (25
statesdefined by Kondev and Henl@ywhich have maxi-

mum entropy density in the sense that they allow for a maxigives a=4.3, b=1.22, andc=0.336. Notice that a naive
mum number of local rearrangements of the spins in accortligh-temperature expansion in powers ofT 1may be
with the constraint. Thus, we do not expect any jammingplagued by the criticality at high temperatures. In this sense

A. Transition temperatures
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FIG. 9. (Color onling Time evolution snapshots of the system after a quench ffere to T=6.0 (at timet=0) below the transition
temperaturd™* =8.1. The dots represent thé& 2vertices of the hexagonal latticé € 36) and the two colors correspond to the two values
of the chirality spin. The lattice is wrapped along the horizontal axis and along the 60° axis rotated counterclockwise above the horizontal.
For each configuration, we report the measured crystalline masgl the time from the temperature quencfa m=0.08,t=1 MC step;
(b) m=0.24,t=28 MC stepsfc) m=0.32, t=49 MC stepsjd) m=0.50, t=192 MC stepsfe) m=0.68, t=5.7x 10" MC steps; andf)
m=0.73,t=5.4x 10° MC steps.
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the FMFS state. As it appears from the results below, the
system seems to be completely unable to sample the phase-
space region corresponding to the crystalline phase, at least
on our simulation time scales, and it is confined to an “ef-
fective phase space.”

2. The dynamic freezing transition

Instead of going through the thermodynamic transition,
the system remains in a supercooled liquid state béligw
until it reaches a temperatufB* where it evolves into a
frozen polycrystalline state.

Looking at Fig. 9f), we can clearly see that the polycrys-
tallization is complete, in the sense that the domain bound-
aries are fully one dimensional, with almost no interstitial
liquid left. While the size of these domains increases with

longer waiting times, the growth becomes extremely slow,
basically stopped within our Monte Carlo time scales before
reaching the single-crystal configuration. This can be ob-
served, for example, in the behavior of the zero-temperature
saturation value of the energy in Figs. 13 and 14. The energy
is in fact a measure of the area-to-perimeter ratio in the poly-
crystalline phase, provided complete polycrystallization has
been achieved. This is clearly the case inThe O plateaus

in Fig. 13. Instead of approaching the valuel, character-
istic of the FMFS state, these plateaux seem to approach a
limiting value £P*@(T=0)~—0.74 for larger cooling
times.

The transition af* can be seen as a dynamic phase tran-
sition and does not have a thermodynamic origin. However,
ettt et em et bengbenetabetybototetetorgtatatatel we can reasonably establish a correspondence of this transi-

(b) tion to a “true” thermodynamic phase transition in a related,
more constrained system. As we show with the following

FIG. 10. (Color onling Two pictures of arl. =36 system con- analysis, the origin of the dynamic transitionTdt resides in
figuration at infinite temperaturéa) the original chirality spins(b)  a free-energy barrier that prevents the system from visiting a
the same configuration after we performed a spin-flip operation ophase-space region around the FMFS phase, at least within
one of the two sublattices. The antiferromagnetic correlations origipyr simulation time scales. Since only winding loop updates
nating solely from the constraint are clearly visible. can change the number of bonds per color per direction, it is

possible to divide the phase space into topologically sepa-
the nontrivial exponerty may have an interpretation in terms rated sectors by forbidding the update of winding loops. The
of the CFT description al—. We can then integrate to F\MFS configuration would then be in a topological sector by
obtain the free energy: itself, and starting from an infinite-temperature configuration
with equal number of bonds per color per direction it would
BE(B)=Bof (Bo) + fﬁdﬁ'f(ﬂ'); (26) be_ impc_)ssible for_ the system to r_each its natural ground state.
Bo With this constraint, the system is expected to show a phase
i . , transition into a state which is not the FMFS, with a behavior
setting8o=0 for the liquid phase and using the known re- yna1040us to the one observed in the present model.
sidual entropy of the system, we obtain This polycrystal transition is an intrinsic transition of the
supercooled liquid phase, which would not exist in the infi-
27 nite time limit. If we were able to wait infinite simulation
times, we expect the dynamic transitionTat to disappear,
replaced by the equilibrium transition &>T*.
where the 2/3 factor in front of the residual entropy comes Since we cannot apply the same technique used above for
from the fact that there are three bonds every two spinsT, to the polycrystalline state, we have to measTitewith a
Settingfiquia(T) = femes= — 1 gives the melting temperature somehow more empirical method. We first prepare the sys-
T.=9.6, in good agreement with the results from the CMFtem into an almost completely polycrystallized state by cool-
method. ing it at very low rates. We then chose a particular value for

Even thoughT, is the actual thermodynamic transition the temperaturd and let it evolve in time. If it eventually
temperature, we are unable to observe this transition due t@aches the liquid state, then we conclude thafT*; con-
the incredibly large time scales involved in the approach toversely if it completes the polycrystallization process. The

2
fquuid(T) =— §|n(1.2083T+ C—m,
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polycrystals. We first define the elementary crystal unit as the

o T-78 _ . .
O 5 7279 four-spin cluster composed of one spin and its three nearest
o2l - T=80 neighbors. To avoid double counting, we choose the central
—+— T=8.1 spin exclusively in one of the two sublattices of the hexago-
303/ = T=8.2 nal lattice. Then, we define tHeimensionlesscrystal mass
B od T=83 densityme[0,1] as the number of these elementary units
5} —— T=84 present in a given configuration, normalized by the total
D 05

16‘ 1{)2 10° 16"
(a) time (MC steps)

number of unitsL?. Since we need to keep the elementary
unit small enough to be sensitive to small amounts of crystal
mass, we have a limited power of resolution. In fact, even a
random configuration has a nonzero average crystalline mass
my=0.01, which we consider as the effective zerarofThe
results obtained by measuring the time evolutiomdre in
good agreement with the conclusion tA&t=8.1+0.1.

3. Some considerations on the dynamics of the polycrystal

The data shown in Fig. 11 are averages over 32 different

£ 050 histories starting from the same initial configuration. The
g °° reasons for the large time fluctuations and the lack of a sharp
GE)ME’ - T=78 distinction between abové* and belowI* behavior, as
£ e T=79 shown instead in the system studied by Cavagnal,*° are
g O:z —— T=8.0 to be found in the peculiar, rare-event-dominated dynamics
S T=281 of the polycrystalline phase. It is worth to analyze this dy-
;)27 - T=82 namics in detail, as it helps understanding also the phase-
A I=83 space isolation of the thermodynamic g.s., i.e., the FMFS
oA _T=84 ‘ . . ‘ crystal.
L A [ [ L CAE S ) With some simple reasoning about the colors and the
(b) time (MC steps)

chirality spins, one can see that within a single, ferromag-
FIG. 11. Time evolution of the internal energy and crystalline netically ordered domain, all the bonds of the same color are

mass, after the system has been prepared in an almost polycrystél-'g,ned in the Sz_ime direction. Thus, any two-color §equence
lized configuration. The curves correspond to different quenchindSide the domain follows a straight path from one side to the

temperaturegexpressed in units of) both above and below the Other along one of the three crystalline directi¢ascrystal-
transition temperatur&* =8.1+0.1. Note that all the temperatures line planes of the hexagonal lattice. This high level of order
are below the thermodynamic transition temperafyre 9.6, while IS responsible for the first important difference with respect
the system behaves as if it is incapable of visiting the favored© usual domain growth: there are no small loops across the
FMFS configuration. boundary of a domaifbut for possible corner loopsind the
domain is not capable of small rearrangements of its walls.
choice of the initial state closer to the polycrystalline statewhile, for example, in a normal Ising model a domain can
rather than to the liquid one is merely due to the strongeexpand gradually, in our constrained Ising model a domain
metastability of the liquid phase, as it appears from thecan only crack from side to side. It is important to notice that
asymmetry in the hysteretic process with respecttqsee these cracks will almost always bring the system into an
Fig. 13a)]. In Fig. 11(top) we present the results in terms of excited state with higher energy, the energy difference being
time evolution of the energy. Even though we do not have groportional to the length of the crack.
sharp distinction between the behavior above and balbw If we now extend these considerations to the almost com-
we can clearly identify a transition 8t* =8.1+0.1. When plete polycrystalline phase that the system is able to achieve
the system is set to a temperatdie 8.2, it quickly departs below T* (see Fig. 9 we can see that any loop has to cross
from the quasipolycrystallized initial state, while f6r<8.0  a few domains before closing on itself. In fact, bending of
it completes the polycrystallization process, thus lowering itghe loops are allowed only at domain boundaries. Therefore,
energy. It is interesting to notice that all the quenching temwe have a second important difference with respect to usual
peratures are below the thermodynamic transition temperatomain growth: one domain cannot expand at the expenses
tureT.=9.6, while the system behaves as if it is incapable ofof a single other domain; rather, the above cracks involve at
visiting the favored FMFS configuration. least six domaingbut for the case of winding loopssince
Since the total magnetization of the system remains closevery domain boundary corresponds to a 60° bending in the
to zero for all temperatures and time scales that we are ableop. One can easily convince oneself that the closer the
to sample, it cannot be used as an order parameter for thig/stem is to the polycrystalline phase, the more the dynamics
transition. A more appropriate order parameter is probabl\become frozen, requiring entangled, multiple-domain crack-
the crystalline mass, shown in Fig. 11(bottom). As pro-  ing in order to move from one configuration to another. This
posed by Cavagnet al,?’ the crystalline mass measures the behavior can be seen, for example, by looking at the behav-
fraction of crystallized spins independently of the size of theior of the spin-spin autocorrelation functijeee Eq.(29)],
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FIG. 12. Spin-spin autocorrelation functidgift,, ,t) for a single MC simulation and four different values of the waiting titge (a)
t,,=20 MC stepsi(b) t,,=2x 10° MC steps. Note the rescaling of the time axis with respect to the previous figuirg;=2x 16° MC
steps; andd) t,=2x10* MC steps. The temperature is quenched=a0 from T=« to T=6, the same used in Fig. 9. A},=20, the
system is still in a rapidly changing liquid phasee Fig. #)]. As the system gets deeper into the polycrystalline phasg=a2 x 10° or
even more at,,=2Xx 10" [see Fig. @&)], the behavior of the correlation function becomes discontinuous, reflecting a rare-event dominated
dynamics where the system undergoes highly nonlocal rearrangements. Noti¢g simmetry of the systerfiFig. 12c)]. When the
dynamics become highly entangled in the polycrystalline phsee Fig. )], the number of allowed configurations drops dramatically and
rearrangements that bring the system from one configuration to its mirror image play a significant role in the evolution of the system.

shown in Fig. 12. For small values gf, the system is still Indeed, we can interpret this energy difference as the activa-
in a rapidly changing liquid phaseee Fig. ®)], and the tion energyE,(¢) for domain growth. Processes where the
correlation function roughly follows the stretched exponen-activation energy depends ofy or more generally where
tial behavior with a very short relaxation time discussed infreezing involves a collective behavior dependentéohe-
Sec. VB 2. As the system gets deeper into the polycrystallong to classes 3 and 4 for growth kinetfddn the following
line phase fot,,=2x 10° or even more fot,,=2x 10" [see  paragraph, we will address this classification in greater de-
Fig. 9d)], the behavior of the correlation function shows tail.
how the system now evolves mostly via rare events that are Even if the system is able to overcome the activation en-
responsible of extended changes in the system configuratioergy barrier, the three-coloring constraint plays a new key
Notice theZ, symmetry of the system. When the dynamicsrole in preventing the system from reaching a new configu-
become highly entangled in the polycrystalline phésee ration. Let us consider an excited state after one loop has
Fig. 9e)], the number of allowed configurations drops dra-been updated in the polycrystalline phase. The system has
matically and rearrangements that bring the system from onthen three types of updates available: the trivial repair of the
configuration to its mirror image play a significant role in the crack, with consequent lowering of the energy; an indepen-
evolution of the systerfiFig. 12c)]. dent update, which requires to overcome a similar activation
It is important to underline the large energy cost of theseenergy; and the peculiar loop updates that are adjacent to the
updates, which scale with the linear sigeof the domains. open crack. Clearly, since a loop update corresponds to flip-
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ping all the spins along the loop, the latter update has a 0.2 " " ™ i A
vanishing energy cost because the original crack crosses o4} | = :i8'8834 !
crystalline ordered domains. Thus, the system is able, via & r=0.00004 :

these adjacent loops, to expand or contract a crack with es- ~
sentially equal probability. Indeed we expect this process to ¢ -0.1
be similar in nature to a random walk, with two possible
outcomes: the crack eventually contracts and closes on itself,
or all the domains involved in the original crack get essen-
tially flipped, with minimal structural change in the original
configuration. Notice that the last update in this process is of
the repair type, with the system getting back to a lower-
energy state. The time to complete this process is the lifetime
74 Of a crack in the system, while the formation time of a
new crack is determined by the activation energy barrjer

~exd —BEa(§)]. At low temperaturesgyy is much shorter

than r;; the system freezes into a specific polycrystalline (a) temperature
configuration and the dynamics involve only rare events 0.4 i , i i , i , ,
where entire domains are flipped simultaneously. At tempera- 03l
tures close tdr* instead,ry becomes comparable tg and .
multiple cracks allow the system to deeply rearrange the do- '
mains. Notice, however, that it is still a rare-event dependent T °!
dynamics. In a typical process of configuration change, the 8 or
system visits highly excited states with complete “melting” "= -0.1 r=04
of extended areas of the polycrystal, before freezing again g__o.z DAy
into a new polycrystalline configuration . These highly ex- > _g3 r = 0.0004
cited intermediary states easily become long lived due to the g_o. q ~o— 1=0.00004
metastability of the liquid phase, which has instead very fast ¢ ~ = liquid
dynamics(see Fig. 15 and the results heregftter @ _2'2
B. One-time quantities ~o E=-0.74
1. Energy vs temperature and growth dynamics o8 f 5 e 5 @28 &5 3¢ B3 40
b) temperature

In order to get a better insight in the dynamics of the

model, we study the behavior of the system through tempera- FIG. 13. (Color onling Internal energy vs temperature behavior
ture hysteresis with different cooling/heating rates. We varyfor our system, in the temperature rarige (0,40): (a) temperature
the temperature fror =40, where the liquid phase is stable hysteresis for three different values of the cooling/heating mate:
and equilibrates very easily, down To=0 and up again to =0.04, 0.004, and 0.00 004. The hysteretic behavior is typical of a
T=40, with a constant rate given by=AT/At, At being first-order phase transition and it is in good agreement with our
the total time to go fronT =40 toT=0. During these simu- Mmeasure ofT*; (b) cooling curves for five different cooling rates:
lations we measure all the relevant quantities in our systend:=0-4. 0.04, 0.004, 0.0004 and 0.00004. The dashed line is the
the internal energy, the magnetization, the staggered magngXtrapolated internal energy of the liquid phasej. (25)]. Notice
tization, and the crystalline mass. Both magnetizations relat forr=0.4, the system stays in the liquid phase ufti0,

main close to zero for any temperature and cooling/heating"ce the energy curve remains above the dashed line at any tem-
rate. The behavior of the internal energy is shown in Fig. 1 erature(Ref. 20. Energy and temperatures are in unitsloivhile
: ", 1he cooling/heating rates are expressed in unity BfC step. These

for some of the cooling/heating rates that we consider. The . ) . .
. . - . curves are obtained from simulations where the temperature is
_behawor of the crystalline mass 1S In agree_ment \_N'th thechanged at a constant cooling/heating rate. For large temperatures
internal energy and does not provide any additional informayr~. 15) 4|l the curves overlap and the system is at equilibrium in
tion. ) . ) . the liquid phase. Notice that there is no sign of the thermodynamic
The hysteresis observed in the energy curves is typical Qfansition atT,=9.6, as the system goes smoothly into the super-
first-order phase transitions. From Fig. 13 we can see that thyoled liquid phase.
hysteresis gets narrower for smaller values,dhdicating a
transition temperature that is consistent with our previousee, for example;=0.4 in Fig. 13, the energy curves never
estimateT*=8.1+0.1 (that estimate is also confirmed by cross below the extrapolatefjy,q(T) curve (dashed line in
looking at the position of the peaks in the specific heat, meathe figure. Thus?® the system does not polycrystallize and it
sured from the energy fluctuations, for different cooling/remains in a supercooled liquid phase with respect to the
heating rates Notice the asymmetry of the hysteresis towardpolycrystalline phase untif=0 (recall that the liquid is al-
the liquid phase, particularly evident for large cooling/ ready supercooled with respect to the FMFS phaseTfor
heating rates, due to the metastability of the liquid with re-<9.6). This is confirmed also by the absence of a peak in the
spect to the polycrystalline phase. For large cooling ratesspecific-heat curves. As the temperature is lowered to zero,
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1.2 ' ' ' ‘ ‘ ' ' From a fit of the results we obtam=0.85, even though our
11k ;] numerical data do not have enough accuracy to exclude the

Al casem=1. If our measurement om+1 is confirmed, it

= power-law implies that the behavior of our system fore[8
~ o8 liquid / polycrystal ) % 107°,0.2] belongs to class 4 growth kineti€sBoth class
T 08l threshold ; 3 (corresponding to the case nf=1) and class 4 kinetics
w i’ are typical of processes that involv&alependent collective
o7 \ A behavior in the frozen phase. As discussed above, we indeed
6”\ 0.61 Wi expected the system to show this logarithmic behavior.
= osl y Eventually, forr <8x 10> the energy saturates to a lim-
W " logarithmic iting value&"*®@(T=0)~ —0.74, in agreement with the en-

’ e tropic argument we provided before. The system behaves as
03F e saturation at E ~ —0.74 if a whole region of phase space around the FMFS configu-
0.2k s . . ‘ ‘ . . ration is dynamically inaccessible due to a very large free-

10° 10% 100 10F 10 10 10" 40P energy barrier.
cooling rate (J/MC step) To further confirm this peculiar free-energy landscape, we

FIG. 14. Semilogarithmic plot of the plateau value of the inter- use again the CMFM described In Sec. llIC. Fro_m the nu-
nal energy with respect to the g.s. energy of the perfect Crystar|‘ner|cal res.ults, we assume as gflrst-.order approximation that
(Ermes=—1) Vs the cooling rate=AT/At. Three distinct behav- the dynamically excluded configurations correspiond to sys-
iors can be identified: a power-law behavier i for r>0.2,  tem energies smaller than the limiting valgé*a(T=0)
when the system remains in the liquid phase; a logarithmic behavior- —0.74. We then impose appropriate constraints on the
€71~ In(1/r°89 for 8x 10 °<r=<0.2; and a saturation plateau at variational parameter such that the only allowed energies in
EPXa(T=0)~—0.74 forr<8x 10> the CMFM are larger thag"*'3(T=0). Under these con-

i straints, the method predicts a first-order phase transition at
the curves reach a final value of the energy that decreasq&:&%, in good agreement with the numerical valiie

monotonically with smaller cooling rates. But for very large ~8.1+0.1. considerina the approximations underlving this
values ofr (larger than 0.4), this final value of the energy is CM-FI\_/I r.eS:uIt 9 PP ying

reached already at a finite temperature and the curves showa
plateau typical of frozen or very slow dynamics. While we
expect this behavior when the system enters the polycrystal-
line phase, we can notice that this plateau is also present for Here we study the equilibration time of the liquid phase in
curves where the system remains in the supercooled liquigomparison to the nucleation time for the polycrystalline
phase[e.g., see the curve far=0.4 in Fig. 13. A detailed =~ phase.
analysis of this behavior is beyond the scope of the present We measure the connected piece of the two-times auto-
paper and will be addressed in the future. correlation function
The dependence of thE=0 value of the energy on the
cooling rate reflects the type of domain growth in the system. 1
In particular, when the system enters the polycrystalline C(tW’t):E Z (oi(tw)ai(t)), (29
phase where domain boundaries are one dimensional, the
energy difference(T=0)—Eyes=E(T=0)+1 is propor-  where(- - -) indicates the average over initial configurations
tional to the inverse of the linear size of the domaihin of different MC simulations. Notice that;o;(t)=0 for all
Fig. 14 we show the behavior {T=0)—Eryrs as a func-  values oft within our simulation time scale, thus the discon-
tion of r. nected piece of the autocorrelation function vanishes. Since
As long as the system remains in the liquid phase, i.e., theve are interested in the relaxation time of the liquid phase at
energy curves never cross below the extrapolaiggly(T) equilibrium, we quench the system from infinite temperature
curve, the energy follows a power-law dependence:ofi  down to the target temperatufeand we wait for it to equili-
—Errs~ T2t This is typical of class 1 growth kinetics, brate. The correlation function becomes time-translation in-
where freezing originates from local defects with activationvariant and depends only on the time differerteet,,. At
energies independent of the domain siz& equilibrium, we adequately fi(t—t,,) with a stretched ex-
As we lower the cooling rate, we reach a threshold whergoonential, which is the expected equilibrium behavior in su-
the energy curves start crossing the extrapolaiggq(T) percooled liquid?
curve and the system polycrystallizes. This threshold hap-
pens atr,=0.2 and&y,=—0.39. Below this threshold, the C(t)=exg — (t/7)"]. (30

behavior of the energy changes abruptly into a Iogarithmi(i:rom the fit we obtain the relaxation timeas a function of

form: the quenching temperature, as shown in Fig. 15. We can
1 extend the measurement ebelow T* because of the meta-
— T (28 stability of the liquid phase. The system is able to equilibrate
1+A In(—) as a supercooled liquid well before the polycrystal transition
r7y takes place, at least for temperatures close enougdh*to

2. Domain nucleation vs liquid relaxation

E(T=0)—Ermrs=
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FIG. 15. Liquid phase relaxation time as a function of tem- FIG. 16. Time evolution of the energy of the system, after a

perature, as measured from the stretched exponential fit of the aguench from infinite temperature down to a target temperature
tocorrelation function at equilibrium. The dashed line corresponds=5.5,6.0,6.5,7.0,7.5,8.0, and 8oth energy and temperature are
to a power-law fit while the dotted line corresponds to a Vogel-measured in units o). The horizontal line corresponds to the
Fulcher-Tamman fit. Notice that there is no dynamic signature ofnergy threshold for polycrystallizatiofi,=—0.39, as identified
the transition at temperatuf*. above.

Notice that there is no dynamic signature of the polycrystathe liquid phasdsee Sec. V A L Thus, methods such as the
transition afT* in the liquid relaxation time. The Kohlrausch one in Cavagnat al?° are not applicable. More naively, we
exponentgB of the stretched exponential fit decreases withhave to estimate,,, directly observing the time evolution of
temperature, as for realistic models of liquids. In Fig. 15 wethe system. In Fig. 16 we plot the energy dependence on time

show the fit of ther data both with a power law, for quenches of the system from infinite temperature to the
target temperaturd. As we discussed above, the system
A I polycrystallizes when the energy falls below a threshold
= T_T9 T¢=7.0, y=10, (31)  valueEy,=—0.39. Here we use this value in order to iden-
c tify the onset of the polycrystallization process in the energy
and with a Vogel-Fulcher-TammaWFT) form, curves in Fig. 16. The time when the system starts develop-

ing a polycrystalline phase is indeed the nucleation timg,
A we are interested in. We can see thgi,~=800 atT=7.5
T= TOeX%T_TO)’ To=4.4, A=111. (32  while it drops to7,=170 atT="7.0.
Comparing these results with the ones of Fig. 15, pro-
The results of these fits have to be considered with extremgided we perform the rescalinge=207, we can see that
care. Because of the accelerated nonlocal dynamics and bgre CIOSSOVErTe,= Tyye Will happen at a temperaturgs,
cause of the onset of polycrystal nucleation, the temperaturgipse toT!9, where the liquid relaxation time shows a rapid
range where we are able to measure the relaxation time @frowth. We can reasonably locate this crossover in the tem-
the liquid phase allows for to vary only over a narmow perature range 7-0T,,<7.5. This temperature is the spin-
interval, from 0.05 to 0.5 MC steps. As a consequence, thgqa| temperature corresponding to the metastability limit of
values obtained for the fitting parameters lack in accuracyhe liquid, when the liquid equilibration time scales become
since the fit spans a single decade of data. Moreover, a VFgf the same order of the nucleation time scales and the liquid
behavior typically involves the large limit of the 7(T)  phase becomes unstable. The system reaches this limit in a

curve, which is not accessible in the present system due t@mne t_  of the order of a few hundred MC steps.
the rapid nucleation of the polycrystal. Indeed, our numerical P

data are the tail of a possible VFT behavior, and they suggest
that a VFT behavior may be observed in the liquid phase of
this system if the polycrystallization process were to be In this paper we have studied the very interesting proper-
avoided. ties of a model for describing the behavior, both static and
Since the correlation function decays to zere<i@0r, we  dynamic, of different arrays of superconducting devices.
can take this value as the equilibration time for the liquidAmong the examples discussed, the main candidate to see
phase at a given temperathPe*req(T) =207(T). such a rich phenomenology is a Josephson-junction array of
Measuring the nucleation time of the polycrystalline triangular grains of superconductors wiph+ip, order pa-
phase in this system is instead more complicated. Due to themeter. In the limit of very strong Josephson couplings, the
frozen nature of the polycrystalline phase, we cannot comsystem is equivalent to Baxter's three-color model in the
pute its free energy as a function of temperature as we did fanexagonal lattice. This model can in turn be represented by

VI. CONCLUSIONS

104529-18



DYNAMICAL OBSTRUCTION IN A CONSTRAINED. . .. PHYSICAL REVIEW B69, 104529 (2004

an Ising model with a constraint on the total magnetizationscaling, the nucleation of the polycrystalline phase produces
for each hexagonal plaquetteS=+6,0. In this paper we a logarithmic behavior until a total arrest in the domain
have presented a proof of this mapping based on the cond@rowth is reached, meaning probably another logarithmic
tion of the single valuedness of a superconducting order pagrowth but with a much longer time scale. The origin of this
rameter. The Ising degrees of freedom correspond, in thecenario is the fact that the energy barriers through which the
Josephson arrays witirwave islands, to the chirality of the system has to pass to reach states with larger clusters grow
«*ipy order parameter. with the size of the clusters. This places our system as one of
Within the constrainedr5=+6,0 space, the system is the rare cases without randomness in which the dynamics is

critical at infinite temperature but orders at any finite tem-Of class 3 or 4 in the classification of Lat al**
perature if antiferromagnetic interactions between the Ising An important open problem concerns the possible mecha-
spins are present. For ferromagnetic interactions, it remaingism to get out of the polycrystalline state. Proliferation of
critical until a very particular first-order phase transition other(confined type defects, such as fractional vortices, is a
takes place, where the system orders completely. This behaRossible mechanism to help overcome the totally arrested
ior is due to the peculiar nature of the ordered state, which iflynamics in the polycrystalline phase. In this case, the large
isolated in phase space from any of its excitations by arime-scale dynamics could be governed by the energetic cost
energy of the order of the system size. of making a rather rare-event dominated proliferation and
For a finite Josephson coupling strength, defects aréirculation of such(confined defects. It is noteworthy that,
present in the system, and there are violations of the colof the polycrystalline phase, not only the fractional vortices
ticularly interesting kind of defect is a fractional vortex pair. Put also the excitations that we argued are responsible for the
Within the context of the Josephson arraypftip, super- ~ Microscopic dynamics, the open segments of closed two-
conducting islands, not only there is a large energetic cost t§0l0r loops. The confinement of the two-color segments is
create these excitations, but they are also confined at loRroportional to the string lengttinean inside any ferromag-
temperatures by logarithmic interactions. The other kind offetically aligned domain, with a prefactor of ordérThe
interesting excitation is formed by flipping the spins along®xa@mple that we studied in this paper suggests an interesting
open segments of closed two-color loops. While there is als§cenario where defect confinement at the microscopic level is
an energetic cost to create them, these defects can circuld@SPonsible for the slow dynamics and out-of-equilibrium be-
on the lattice without further energetic cost, in contrast withhavior of a macroscopic system.
the fractional vortices. Moreover, a new defect-free color
co_nfiguratio_n is_obtaiqed_ through the process of creation of a ACKNOWLEDGMENTS
string of spin-flip excitations, the propagation of the defect
along the two-color loop, and the recombination of the ends We would like to thank H. Castillo and M. Kennett for
of the string after closing the loop. This mechanism is pre-enlightening discussions. We are particularly thankful to B.
cisely the microscopic origin of the Monte Carlo dynamics Chakraborty, D. Das, and J. Kondev for several stimulating
that we implement in this paper. discussions that greatly motivated our interest in this prob-
Because of the constraint, the dynamics of the system ikem, and J. Moore for several discussions and correspon-
very peculiar. While the existence of a supercooled liquiddence on the issue of superconducting realizations of the
phase is typical of first-order transitions, for our constrainednodel. This work was supported in part by the NSF Grant
system we find a whole temperature range in which suctNo. DMR-0305482(C. Castelnovo and C. ChamprP.P.
supercooled liquid is stable for extremely long time scaleswould like to thank the warm hospitality of the Boston Uni-
Indeed, at all the time scales studied in this paper, the fullyersity Physics Department, where this work was carried out.
order phase cannot be reached and the system orders into a
polycrystalline phase in which the glob@l, symmetry is
unbroken. The transition from the liquid state to the poly-
crystal takes place at a critical temperatilife smaller than
the staticlavoided critical temperature. This dynamical tem- In this appendix we estimate the relative valuedJodind
peratureT* has been obtained both by studying the timeJ in terms of some microscopics for the tunneling through a
evolution of the system after preparing it in a polycrystalline Josephson barrier. Consider two neighboring triangles as in
configuration, and by quenching the system from the liquidrig. 3 sharing a common edge labeledabyrhe microscopic
phase. The values obtained fbf are in agreement with the tunneling Hamiltonian from a triangle labeled 1 to a neigh-
naive estimate that we are able to obtain from the CMFMporing triangle labeled 2 can be written as
technique. The numerical analysis of the nucleation time and
the liquid phase relaxation time allows us to give an estimate
of the spinodal temperature of the liquid. _ _ H= —Z te g cETcg-l— H.c. (A1)
The rich phenomenology of the dynamics of this system kg
is also reflected in the dependence of the difference between
the final internal energy reached by the system and that dfsing second-order perturbation theory, we can estimate
the fully ordered state on the cooling rate. While for very fastfrom this expression the Josephson coupling between the two
cooling rates this dependence shows a typical power-lasuperconductors in a standard way. The result is

APPENDIX: MICROSCOPIC ORIGIN OF THE U
AND J TERMS
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ltkal® 1t 11, 2.2 where the last choice corresponds to forward or backward
E;~—2> £ (Coicc ){ege”y) (A2)  scattering, respectively.
kg 4 The Josephson coupling can be written in terms of these
where we used; g=t"; . andE, is the superconducting choices as

energy gap. A? 2
It is useful to define the angles; and ¢, as those formed By~ — E_Af do¢[|te(5¢)|“coq 14— b2+ (01— 072) g}

by the vector,q and the reference unit vectes o. Notice

that theath unit vectore; , is normal to the side labeled lay ~[ta(5¢)|%c08 012 = Ooat (01 + 02) 36}, (A7)
(see Fig. 3 for the definition of these unit vectors wheret(5¢) andtg(S¢) are forward and backward small-

The order parameters can be written as angle scattering amplitude@lso, recall the definitiord; ,

_ = 6;+(2m/3)a o; from Sec. I).
(c ety =(Ap* =Ae (1F o190, (A3) Expanding around smadle before carrying out the angu-
lar integral, one obtains
22 2 i o
(cie-g =Ag=Aellrr 720, (A4) Ey~—[U+J0105]c08 61 2~ 65.), (A8)

whereA is the order parameter magnitudg,, are the over-  where
all phases of grains 1,2, ang , are the chiralities of th@ A2
*ip order parameter in each grain. _= 2_ 2901 _ 2

As we show below, the constaritsandJ strongly depend U= EAf d o¢l[te(99)"~ [ta(5¢)[*)(1 - O¢)
on the behavior ofy 5, which is in general very difficult to (A9)
obtain from first principles. For a flat interface, the compo-gnqg
nent of momentum parallel to the junction is conserved, i.e.,
k=g . If the momenta involved are close to the Fermi mo- J— A_Zf d 66l |te(50)|2+ |ta(5¢)|2] 002 (A10
mentum(and assuming for simplicity a spherically symmet- " E, ¢eLite(o9) s(9¢)|"10¢%  (A10)
ric Fermi surfacg then one hagapproximately that kﬁ di dab he barrier | ¢
+kf~_a,k§~qﬁ+qf:;, hence, kp~qr9r Kr=~— ., corre- As we discussed above, the barrier is more transparent for

sponding to forward and backward scattering in the normaf'©S€ o normal incidence, and can be engineered sothat
direction to the barrier, respectively. must remain small, and thus the rafidJ as obtained above

There should be a strong suppression of tunneling wheﬁan be made controllably small. The precise condition for

- - . avingJ<U depends on the details tf g(d¢). As a simple
the vectork, g are not normal_ to the interface. The reason 'Sexample, for tunneling through a square barrier in ordinary
that the smaller the perpendicular component, the more e

ponentially suppressed is the tunneling amplittie ex- )&uantum mechanics, the ratidU will depend on the height

i A of the barrierV and onkga, wherea is the length of the
ample, consider a WK.B apprOX|m.at|0|.1. the smaker qnd barrier. The largekga, the smalled/U. This model may not
q.'ithe Iowgr the particle energy is with respect to the bar'capture in full detail the underlying physics of the Josephson
rier). If _5<p_ is a small angle that measures deviations fromCoupling problent? nevertheless, simple as it is, it shows
normal incidence ang; _=(27/3)a, one can show that the

) o ) 2™ how the structure of the barrier can be used to tune the ratio
main contribution to the Josephson tunneling Hamiltoniany/y

comes from choosing any of the following four combina- |t j<u, then in the temperature regime<T<U the
tions: system is effectively constrained to the three-color manifold
of states:f, ,— 6,,=0(mod2r). In this case, the effective

¢|;:2_7Ta+ S¢ or ¢R=2—7Ta+ So+ (A5) Hamiltonian for the coupling between triangles 1 and 2 is
3 3 simply
and H1,2: _J0'10'2, (All)
b=k Or  Py= it T—250, (A6) with J>0 (ferromagnetic coupling
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